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Recap

Two variable, gaussian distribution model:

Yi = β0 + β1Xi + εi

εi ∼ N(0, σ2)

MLE β̂1 =
PN

i=1 Yi (Xi−X̄)PN
i=1(Xi−X̄)2

β̂1 is a function of rXY , sample correlation between X ,Y .
MLE β̂0 = Ȳ − β̂1X̄
MLE σ̂2 = 1

N
∑N

i=1 ε̂
2
i = 1

N
∑N

i=1(Yi − β̂0 − β̂1Xi)
2
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Links between rXY and the MLE estimates

β̂1 = rXY
sY
sX

σ̂2
mle = (1− r2

XY )σ2
Y

σ̂2
mle = (1− r2

XY )σ2
Y = (1− r2

XY )σ2
R

r2
XY = 1− σ2

mle
σ2

Y
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Inference for the two-variable gaussian
distribution model

Susan Thomas Inference for the two-variable gaussian model



Two paths of inferences

Confidence intervals for the parameters
Confidence intervals for E(y)

LR test and it’s asymptotic distribution.
Variants of the LR test.
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Confidence intervals for MLE β̂1

The reparameterised version of the model is simpler to
work with:

Yi = γ0X0,i + γ1(X1,i − X̄ ) + ωi

This gives:

γ̂1 = β̂1 =

∑N
i=1(X1,i − X̄ )Yi∑N
i=1(X1,i − X̄1)2

β̂1 =

∑N
i=1(X1,i − X̄ )(β0X0,i + β1X1,i + εi )∑N

i=1(X1,i − X̄1)2

Fact:E((X1 − X̄1)X0) = 0
Fact:E((X1 − X̄1)X1) = E(X 2

1 )− (X̄1)2

= E(X1 − X̄1)(X1 − X̄1) = E(X1 − X̄1)2

Then, β̂1 = β1 +

∑N
i=1(X1,i − X̄1)εi∑N
i=1(X1,i − X̄1)2
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What is E(β̂1)?

E(β̂1) = β1 + E(

∑N
i=1(X1,i − X̄1)εi

σ2
X1

)

= β1 +
1∑N

i=1(X1,i − X̄1)

N∑
i=1

(X1,i − X̄1)E(εi)

= β1

β̂1 is an unbiased estimator of β1.

Susan Thomas Inference for the two-variable gaussian model



What is var(β̂2
1)?

var(β̂1) = E(β̂1 − β1)2 = E(β1 +

∑N
i=1(X1,i − X̄1)εi∑N
i=1(X1,i − X̄1)2

− β1)2

= E
∑N

i=1(X1,i − X̄1)εi

(
∑N

i=1(X1,i − X̄1)2)2

=
1

(
∑N

i=1(X1,i − X̄1)2)2
E(

N∑
i=1

(X1,i − X̄1)εi )
2

=
1

(
∑N

i=1(X1,i − X̄1)2)2

N∑
i=1

((X1,i − X̄1)2E(ε2i )

+
N∑

j=1,j 6=i

(X1,i − X̄1)(X1,j − X̄1)E(εiεj ))

=

∑N
i=1(X1,i − X̄1)2σ2

ε

(
∑N

i=1(X1,i − X̄1)2)2
=

σ2
ε∑N

i=1(X1,i − X̄1)2
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Distribution of (β̂1) and confidence intervals

β̂1 ∼ N(β1,
σ2
εPN

i=1(X1,i−X̄1)2 )

The 95% confidence interval for β1 is:

β̂1 − 2
σ2∑N

i=1(X1,i − X̄1)2
≤ β1 ≤ β̂1 + 2

σ2∑N
i=1(X1,i − X̄1)2

Similarly, β̂0 ∼ N(β0,
σ2PN

i=1(X1,i−X̄1)2 )

Using this, we can create a similar confidence interval for
β0
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95% confidence intervals for the given data

∑N
i=1 Xi = 48943∑N
i=1 yi = 19460.1∑N
i=1 N = 3877∑N
i=1 X 2

i = 645663∑N
i=1 y2

i = 99876∑N
i=1 yiXi = 247775

β̂0 = 4.06
β̂1 = 0.076
σ̂2 = 0.526
What is the 95% confidence interval for β0, β1?
se(β0) = 0.056, se(β1) = 0.0043
95% CI: 3.95 ≤ β1 ≤ 4.17, 0.067 ≤ β1 ≤ 0.085
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LR test, hypothesis, form

H0 : β1 = 0
LR statistic: −2log(LR/L)

What is the form of L?
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Likelihood evaluated at MLE

L at the mle (β̂0, ,̂β1, σ̂
2) works out to be:

L = (2πσ̂2e)−
n
2

The L can be expressed as only a function of σ̂2.
Thus, we can rewrite the LR statistic as:

−2

(
σ̂2

R

σ̂2
U

)−N
2
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Likelihood evaluated at MLE, and restriction

Restricted model is: β1 = 0 or

Yi = β0 + εi

β0 works out to be Ȳ , and εi = (Yi − Ȳ ).
Therefoore: σ̂2

mle = σ̂2
ε = σ̂2

Y
Therefore, σ̂2

R = σ̂2
Y

LR statistic is:

−2 log(
σ̂2

Y

σ̂2
mle

)−
N
2 = −N log(

σ̂2
mle

σ̂2
Y

)

But we know that σ̂2
mle = (1− r2

XY )σ2
Y

Therefore:
σ̂2

Y

σ̂2
mle

= (1− r2
XY )−N/2

LR = −N log(1− r2
XY )
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LR test distribution

Two tailed test distribution: χ2(1)

One tailed test statistic: ω = (sign HA)
√

(LR) ∼ N(0,1)
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