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Goals

Introducing the simplest linear time series models:
@ White noise processes
@ Moving Average (MA) models
@ Auto Regressive (AR) models
@ Mixed AR-MA models
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A white noise process

Xt=e; e~ D(ag,0?)

@ Stationary process:
@ E(xt) = Eet = ap, Vit
Q E(x)2=E(&) =02 Vit
Q E(x)(%—j) = E(et)(er—j) =0, Vj
@ Not a good DGP for most economic time series variables,
which tend to change very slowly.
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Introducing AR models

@ An AR process y; of order p is written as AR(p) and is
modelled:

Yt =oqYt1 to2)t2+ ...+ apytpt et

where ¢; ~w.n with y. = 0.
@ It can be written as:

Vi = (a1l+aal? 4+ ...+ aplP)yr + ¢
all)yr = e
where a(L) = (1 —aql—apl? —... —aplP)
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Introducing MA models

@ An MA process y; of order q is written as MA(q) and is
modelled:

Vi =01€t_1 + O2€t_o+ ... + qut,q + €¢

where ¢; ~w.n. with p. = 0.
@ It can also be written as:

Vi = (1+01L+02L2 + ...+ 0pLP)e;
o = 0(L)e
where O(L) = (1+01L+ 60212+ ...+ 6,LP)
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Example of AR model: AR(1)

@ Vi=ap+ 1)1+ €
@ E(yt|Yi—1,.--,¥0) = ap + a1Yi—1
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Example of MA models: MA(1)

@ yr=ag+bie—1 + €t
® E(vtlyi—1,---.Y0) = o
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Understanding stationarity of AR(1), MA(1)
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Recapitulating stationarity

@ Strict stationarity: All the moments of the series are
constants and are not functions of time.

@ This implies that the distribution of innovations is bounded
and not explosive.
@ Weak/Covariance stationarity: The first two moments of
the series is bounded:
° E(y)=C
o E(y)?=M
(4] E(ytytfs):f(S) VS:1,2,....
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Stationarity of AR(1)

@ Vi=aot a1y + €
@ E(y1) = a0 + a1 E(¥r-1)
@ If y; is stationary, then E(y;) = E(Y;—1), then

Qg

E(y) =

1 — ay

@ This works only if oy < 1
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Stationarity of AR(1), contd.

® Yt =aot+ a1yt + €
® var(yt) = afvar(yp—1) + o?
o If y; is stationary, then var(y;) = var(Y;_1), and

o2

var(y) = ——
1-— oc?

@ This works only if |aq| < 1
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Stationarity of AR(1), contd.

@ Vi =ap+ a1)i—1 T €t
@ Define yy = y; — (15“7"&1)
@ We can show that:

Yi=a1)i1 t+ €t

@ Then, covariance at lag 1 is: (assuming stationarity)

cov(¥t, Y1) = E@)(Jr-1) = i EFEL) + E(etdr_1)

04102

— vy ) = 17
! (1 —a%)

@ In terms of correlations, corr(y:, y;—1) = a4.
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To work out: covariance and correlation at lag 2 for

AR(1)

@ What is the autocovariance at lag 2 for an AR(1) model?
@ Solution:

o= aili1te
cov(y, Yi—2) = o E(Ji—1)(Vi—2) = 1 E(Ji-1J1-2) + E(et)i—2)
= «aqcov(yty;_1) assuming stationarity
alo?
1

(1~ ?)

@ Corr(ys, yr_2) = a2.
@ Generally, Corr(yt, yt—s) = of.
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Stationarity of MA(1)

@ y: = ag + 01€;_1 + ¢; where e ~ w.n. with mean zero.
@ Mean of MA(1): E()1)

E(y:) = E(ao+bier—1+er)
= oo+ 64 E(Et_1) + E(Et)

= ao

Mean = «
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Stationarity of MA(1)

@ yi=oa9+ 0161 + €
@ Variance: E(y; — E(y1))?

var(ys) = E(yt — a0)® = E(01€1-1 + €r)°
O2E(er—1)? + 201 E(er—1er) + E(er)?
= (1+69)0?

Variance = (1 + 62)o2.
@ Both the mean and the variance are constants.
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Stationarity of MA(1), contd.

@ Covariance atlag 1: E((yt — 1) (V-1 — 1))

E(yt —a0)(Vt-1 —a0) = E(brer—1+er)(Or€er—2 + €r-1)
= O0FE(er—1er—2) + 01 E(er—1)?
+01E(eter_2) + E(erer—1)
= fy0°
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To work out: covariance at lag 2 of MA(1)

@ Covariance atlag 2: E((y: — 1) (Vi—2 — 1))

E(yt — a0)(Yt—1 —ao) = E(O1e1-1 +er)(O161-3 +€t-2)
= OFE(er—1€1-3) + 01 E(erer—3) + 01E(er-
=0

@ HW: Work out that autocovariances at lag 3 and all further
lags are also O.
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Stationarity properties for AR(1), MA(1)

@ AR1: yi=ap+ atyi1+en e~ N(0,0’z)
o Mean: ¢

17&1
. 2
e Variance: {97~

e Correlation (at1 lag s): o
@ MAT1: yr =g+ O1€i-1 + €1, €~ N(0,0’z)
e Mean: «ag
e Variance: (1 — 67)0?
e Correlation (atlag s = 1): 6,
Correlation (atlag s > 1): 0
@ Summary: All the conditions are met for both the AR(1)
and MA(1) models to be stationary.
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Theoretical analysis of the information
content of MA models and AR models
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Defining information sets in the simple AR-MA models

@ Given a time series, ¥, Vi_1, Yi—2,---, Yo-
@ In both the models above, each observation at time t, y;
has two components:

@ The innovation, ¢, which is revealed in period t.
@ The permanent component of the information set

Iyt—1,Yt-2,- -5 Yo
@ Understanding the time behaviour of a stochastic process
is to identify which part of y; derives from the permanent
component, Iy and which from the innovation ¢;.
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Information sources in the AR-MA framework

@ Under the AR(1) model:
Yt=aQo+ a1+ et

The structure of information appears to be from the
permanent components.

@ Under the MA(1) model:

Yt =ag + 0161 + €

The structure of information appears to be from the
innovations.

@ However, the base information is still the same — the
innovation series:

€ty €t—1,€t—2,€t-3,-- -, €0
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MA models have limited past information

o MA(1):
Vi = ag+bieq+et
Yier = ao+ 0162+ €4
Vi = ap+0ie3+6 2

@ There is a link between y; and periods t,t — 1.
This is the nature of the link between every y;_g. Itis linked
to information from t — s, t — s — 1.
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AR models have much more dependence on past
information

@ AR(1), where we set ag = 0:

Yo = o)1t et
Yt-1 = oqlt-2 + €1
=¥t = ar(aryr-2+e—1) +er
= iy a+are i +e
Yt—2 = oq)t-3+ €2
— ¥ = of(Yis+e2) +oqet +e
= ofyra+adeotare 1+
Yi-3 = o1)t-a+ €3
-y = a?(a1yt—4 + €1-3) + 04?@—2 + Q€1 €t
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AR models have much more dependence on past
information

@ |f we unravel this to the starting point in the series, yp, €o:

;
Ye=¢é+ Za%er_,- +afyo
i=1

@ There is a link between y; and every single period since
the start of the series at t = 0, yj.

@ How much is the dependence between y; and old
information depends upon the sigze of «;.
Larger a4 (closer to 1, or -1), the stronger the dependence.
Smaller a4 (closer to 0), the weaker the dependence.

@ Note: Read, Hamilton on “Difference Equations” (Chapter
1, Section 1.1).
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The link between AR and MA models

@ We can re-write the AR(1) model from:

.
Yt:€t+za’1€t—i+Oé1T}’o

i=1
as a function of lag operators as:

Y = oql(yr) + et
(1—ail)yr = &
1
oLyt = Etm

= (1 —l—a1L—|—a1L2—|—a1L3—|—......)et

This becomes a geometric series of lagged operators on «;.
@ Thus, the AR(1) model becomes an MA(oc) model.
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Interpreting stationarity conditions for AR/MA models

@ For example, with the constraints, we can re-write the
AR(1) as:

AR(1), ¥t = o1¥i-1+ et
=Yt = oqlyr+ e
—(1-al)yr = «

“ = @ -l
@ Generally, an invertible AR(p) process yields a specific
MA(oc0) one:

o
all)yr=(1-> ) = ao+e

i=1
ye = a '(L)(ao +e)
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Interpreting stationarity conditions for AR/MA models

@ For an AR(1) process to be stationary, the constraints on
the coefficients are that each coefficient should fall within
the bounds of (—1,1).

With these constraints, an AR(1) process becomes
“invertible.”

@ More generally, for an AR(p) process written as:
p
Yi=oap+ Z QY-+ €t
i=1

the necessary condition on the coefficients becomes:

p
1< aj<1
i=
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Interpreting the coefficients of an MA processes

@ An MA process is always bounded as long as the number
of the lagged terms are limited.

@ Therefore, even if the values of the MA coefficients are
greater than one, the process will be stationary.
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MA(o0) processes

(o]
Yi=a+ e+ Z@jet_j =a+ €+ 0161 + Oo€t_o + 03613+ . ..
J=1

@ This process is auto-covariance stationary as long as the
values of the coefficients are bounded.

@ The condition that we check for is:

o
Z@j < o0
j=0
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Analysing sample behaviour of data from an
AR(1)/MA(1) process
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Sample vs. theoretical autocorrelations

@ If the autocovariance is denoted by C;;—s, then we can
define the autocorrelation as:

_ 2 2
Ps = Ct,t—s/ O¢0t_g
2 _ 2
Ot = Ot_s

- C 2

= Cii-s/o}

= @ ats =1 for MA(1) process
= 0Oats > 1 for MA(1)

@ Given either AR or MA models, we know the theoretical
form of the autocorrelations (as given above).

@ However, we only work with sample estimators of the
same, ps.
Thus we need inference on the estimators to identify what
type of linear stochastic process most likely fits the sample.
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Sample vs. theoretical autocorrelations

@ The tool most often is the Autocorrelation function (ACF).

@ This is a graph of the sample autocorrelations (on the
y-axis) against the lag (on the x-axis).

Susan Thomas An introduction to ARMA models



Inference for the autocorrelation estimates

@ Hy:ps=0.
@ What is the standard error of the autocorrelation coefficient
estimators (AC)?
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Bartlett’s approximation for o (o)

@ Bartlett 1928: approximation of the variance of an

estimated AC of a stationary, normal process is:

o0

var(px) ~ Z 2+ PikPik — Apipitkpi—k + 205 Pk

For any given model, we can calculate what the variance of
pi ought to be approximately.
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Bartlett’s approximation for o (o)

@ For example, for an AR(1) model, var(py) = lT(1 — $?).
@ For example, for an MA(q) model, where for k > q, px =0,
Bartlett's approximation works out to be:

, 1 I
varpe] ~ (14 4f)
i=1

@ For an AR(k) model, where k — oo and if ¢ is different from
1, then

. 1 .
var[px] ~ 7(1 + i§_1 p7)
@ Most often used generalised form:
1
T

var(px) =
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