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Goals

Time series dynamics of volatility

The ARCH family of models

Estimation: MLE for ARCH/GARCH
Alternative specifications for heteroskedasticity
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Dynamics in the second moments

@ So far, all models dealt with stochastic dependence in the first
moment:

Xt = (ZS]_Xt_l + ...+ (bpxt—p =+ €t -+ 91615_1 + ...+ qut—q
e ~ iid(0,0?)

@ Dependence in the second moment is:

Xt = €t
~ id(0,0?)
2 2 2
O = MOt_1+ .- T VkOr_k
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Simulating ARCH data

> library(ccgarch)

> N <- 2000

> a<-c¢(0.1, 0.5, 0.0)

> et <- uni.vola.sim(a, N)
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The data
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ACF /PACF of the data
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The data squared
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ACF /PACF of the data squared
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Part |

The ARCH/GARCH model
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Modelling heteroskedasticity

@ In a generic ARMA model, ®(L)y; = ©(L)es, we assume that

E(er) =
E(eer) = o2
E(ere;) = 0

@ The implication is that the unconditional variance of ¢; is
constant.

@ But the conditional variance of ¢; could change over time.

@ To capture this, we can rewrite the error term characteristics

€ = \/(ht)l/t
E(v) =0,E(r?) =1
E() = he
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The ARCH family

@ If h; is a linear function with lagged values of the mean
equation errors, then the time-series dynamic of volatility is
like an AR process.

€& =

(@)
~+~ N
I

m
—~
(@)
~+ N
~
I

Yo + 716%_1 + ’}’26%_2 + ...+ wy

E(w;) = 0, E(ws, wy) = N2, E(wy, wy) = 0
Yo+ M€ 1+ 726 o+ ... +0

hv?

hy

Yo+ M€ 1+ 7260+ -

@ This is called the Autoregressive Conditional
Heteroskedasticity (ARCH) model. Engle (1982)

@ The order of the model is the number of terms of lagged €2
are contained in it.
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ARCH is an AR model of volatility

For example, we consider the ARCH(1) model:

Yo = a+te€
€t N(07 ht)
he = "o+ me,

h: is a deterministic estimate of volatility.
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ARCH is an AR model of volatility

Since we can never observe volatility with certainty, true volatility
€2 is defined as:
E% = ht + Wi

Then the above equation for h; can be re-expressed as:

€ —w = Yo+TYiey
€ = Yo+me_;+w
(1- '71L)6% = Yo+ W

This is an AR(1) in €2, where w; as the error between the
deterministic part of volatility h; and actual volatility €2.
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Stationarity of ARCH(1)

The ARCH(1) is defined as:

e = a+é€
€ ~ N(O, ht)
he = Y0 +mery
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Stationarity of ARCH(1)

We check for stationarity conditions:

° E(yt) =«
E(Yt)2 = E(h:)

E(h:) = vo+mnE(e 1)
(1-=m)E(h) = 70
E(hs) =0 = ~0/(1-m)

E(ytyr—1)=E \/ht Vt\[ht 1e-1) =0
The new stationarity conditions are that y; < 1.

However, this is not a sufficient condition to ensure
strong—form stationarity when the errors are gaussian
distributed.
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ARCH(p)

The ARCH(p) is defined as:

Yo = a+eé€
€~ N(07 ht)
he = 7o+ 715?_1 + 726%_2 + ... ypef_p

HW: Work out what is the stationarity conditions on the ARCH(p)
model?
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ARCH models with real-world data

@ The ARCH models were quite successful in describing
volatility dynamics, specifically in the world of finance
(interest rate, foreign exchange, equity price volatility).

@ However, a common feature was that the best specifications
of volatility dynamics implied very long lags for the ARCH
process.
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The GARCH specification

e Bollerslev, (1986) came up with the GARCH specification to
create a more parsimonious specification to describe financial
market volatility.

@ The simplest of the GARCH specification is that of a
GARCH(1,1) model. This is defined as:

Yo = a+te
€t ~ N(O, ht)
he = Yo+me 1+ Birhea
@ More generically, there are GARCH(p,q) specifications where
ht is:
he = Yo+y1€r g+ .. +ypei g+ Prhe1+ ...+ Bghi_g
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GARCH is an ARMA form of heteroscedasticity

hy = 70‘1'716%—14‘51/7?1

However, this is only the deterministic part of volatility. Actual
volatility €2 cannot be observed fully, and is therefore defined as:

6%:ht+Wt

Then, the above equation in h; becomes:

he=€ —w = y0+me 1+ Bihia
6% = 7Y+ 716%_1 + ﬁ1(€%—1 — w1) + wy

= 0+ (n+ A1+ we — Biwe s
(1-(n+B)L)et = 2+ (1-Pil)w
This is an ARMA(1,1) model with the AR component of €2 and
the MA component of w;.
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Stationarity conditions for GARCH(1,1)

E(er)> = o+ (1 +B)E(€E 1) + we — Biwes
(=7 —B1)o® = 7
o® = /(L= (n+p))

For stationarity, we need (1 + 1) < 1.
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@ Find out the AR form and the stationarity conditions for an
AR(1)-ARCH(3) specification.

@ Find out the AR form and the stationarity conditions for an
GARCH(1,2) specification.
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Part 11

MLE for time series models of heteroskedasticity
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MLE for ARCH models

@ The parameter vector for an ARCH(m) model is
MN=ag,a1,...,am,.
We assume that v; and w; have 02 = 1.

@ Assuming that v; is normally distributed, €; is normally

distributed.
@ For the ARCH model, the conditional likelihood for x;
becomes:
f(xe;Tyxe—1,...) = f(xe (0,01, .. 0am), Xe—1,...)
1 1 (x?
)]
1

\/27T(ao + ale_l + ozzxt2_2 +...)

1 x?
exp | —=
P 2\ ag+ ozle_l + OQXtZ_Q + ...
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Conditional MLE for ARCH(1)

@ For the first observation, x;

X1 = €1
e1 ~ N(O, hp)
hi = oo+ a16(2J
e For the data (xi,...,x7), we say that
E(eo) = E(x)=0
E(g) = E(x)=082=6%

@ The density of the first observation is

f(x;;T) = f(x1;00,01)

™| (s )|
= exp|— | &7———=~
27 (o + 152) P 2(ao + a152)
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Conditional MLE for ARCH(1), contd.

@ For the second observation, x»

X2 = €
e2 ~ N(0, h)
hy = o+ alef
= oo+ a1x12
Therefore,
f(xIl,x1) = f(x|ao, a1,x1)

5 o))
= exp | = | 5 — 5y
2m(ap + a1x?) (a0 + a1x7)
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Conditional MLE for ARCH(1), contd.

@ For the third observation, x3

X3 = €3
e3 ~ N(0, h3)
hs = ap+ 06163
= ao+ a1x22
f(xsllx) = f(xslao, a1, %)

| )
- P Slam - ad)
2m(ap + a1x3) (ap + a1x3)
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Unconditional MLE for ARCH(1) model

@ For observation 1, x1

E(cg) = ao/(1—a)

@ Therefore, the likelihood of xj is,

f(Xl;r) = f(xl;ao,al)

2
1 Xi

2r(a0 + ar(ao/(1—an) T [_ <2(a0 + a1 (ao/
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@ Calculate the first order derivatives for the log likelihood
function of an ARCH(2) model.

@ Calculate the second order derivatives for the log likelihood
function of an ARCH(2) model.
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MLE for GARCH models

@ The parameter vector for a GARCH(m,n) model is
M= aQ, A1,y - -+, Om; Y1y - - -5 Vn-
We assume that v; and w; have 02 = 1.
@ Assuming that v; is normally distributed, €; is normally

distributed.
@ For the GARCH model, the conditional likelihood for x;
becomes:
f(Xt;r7Xt—17"') - f(Xt;(a07a17"'7am7717'"77”)7Xt—17"~7ht

_ 1
= ok P72\,

\/27T(ao + ale_l + ozzxtz_2 + ..+ y1he 1 A

1 x?
exp | —= 5 >
2 \ag+oaaxi_; +aoxi 5+ ...+t
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Conditional MLE for GARCH(1,1)

@ For the first observation, x;

X1 = €

e1 ~ N(0,hp)

h = oo+ o1eg+1ho
E() = E(F) =63

ho = E() =062

@ The density of the first observation is

f(x;;T) = f(x1; 20,01,7)
1

- ex — —
V2m(ao + (a1 +71)62) P [ <2(a0 + (a1 +71)62
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Conditional MLE for GARCH(1,1), contd.

@ For the second observation, x»

X2 = €
e2 ~ N(0, hp)
hy = o+ 0416% + v1h
= ap+ a1x12 +y1h
Therefore,
f(xl x1) = f(x|ao,a1,x1)

1 [ ( X3
\/27T(Oéo + a1x? + y1h1) (a0 + cnxg +
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Conditional MLE for GARCH(1,1), contd.

@ For the third observation, x3

X3 = €3
€3 ~ N(O, h3)
hy = ag+aies +v1h

= ao+ad +mh
f(x3|l,x2) = f(x3]ao,a1,x2)

1 [ ( x§
= exp | = | 5 5
\/27T(040 + a1x3 +1h2) (a0 + a1 +7
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Unconditional MLE for GARCH(1,1) model

@ For observation 1, xq,

E(c) = ao/(1—a1—m)
E(ho) = ao/(1—a1—m)

@ Therefore, the likelihood of xg is,

f(Xl;r) = f(Xl;Odo,Ctl)
1

\/277(040 + (a1 +71) (a0 /(1 — 04% -7)))

exp [— (2(% + (a1 + ,Yl)xjo/(l —a1 — 71)))]
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@ Calculate the first order derivatives for the log likelihood
function of an GARCH(1,1) model.

@ Calculate the second order derivatives for the log likelihood
function of an GARCH(1,1) model.

© How are these first order derivatives different from those of an
ARCH(2) model?
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Joint ARCH models, some examples

e AR-ARCH models: for example, AR(1)-ARCH(1) -

Xt = a+¢xe-1+ €
2
hy = oo+ o€

@ MA-ARCH models: for example, MA(1)-ARCH(1) —

Xt = a-+ €+ 961-71

hy = aO“‘O‘le%—l
e ARMA-ARCH models: for example, ARMA(1,1)-ARCH(2) -

Xt = a+ ¢xe—1+ 061+ €
2 2
he = oo+ or€i_1+aa€r_o
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Joint GARCH models, some examples

@ AR-GARCH models: for example, AR(1)-GARCH(1,1) -

Xt = at+¢xe-1+é€r
he = ao+ o161 +y1he

o MA-GARCH models: for example, MA(1)-GARCH(2,1) -

Xt = a+€t+06t_]_

2 2
h: = oo+ arei_1 + oo€ei_o +71he—1

o ARMA-GARCH models: for example,
ARMA(1,1)-GARCH(1,2) -

X¢ = a+oxi_1+ 061 +e€
he = ag+ 04165_1 +y1he—1 + y2ht—2
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Conditional MLE for AR(1)-GARCH(1,1)

@ For the first observation, x;

X1
€1
h

@ We know that

E(xo)
€1
E(e5)
ho

Susan Thomas

a+Oxg+ €1
N(0, hy)
ag + o165 + Y1 ho

Hx

x1 — a— Ofix

E((x —a—0jix)*) = 62
E(eg) = &7
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Conditional MLE for AR(1)-GARCH(1,1)

@ The density of the first observation is

f(xi;F) = f(x1;a,0,00,1,71)
— 1 exp {— < ba — 2= Oy
V2 (ag + (a1 +71)62) 2(a0 + (a1 +71)62
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Conditional MLE for AR(1)-GARCH(1,1), contd.

@ For the second observation, x»

X2
€
hy

Therefore,
(x|l x1)

a+0xy+ e

(x2 —a—0x1) ~ N(0, hy)
oo + 0416% + v1h

o + a1x12 +v1h

f(xo|cv, 01, x1)

1 [ ( (x2 — a— Ox
\/271’(040 + a1x? + y1h1) (a0 + cnxg +
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Conditional MLE for AR(1)-GARCH(1,1), contd.

@ For the third observation, x3

X3 = €3
€3 = (X3 —a— 9X2) ~ N(O, h3)
hs = oo+ 06165 + v1ho
= ap+a1x3 +y1ho
f(xsll x2) = f(xs]ao, a1, x2)
1 |: ( (X3 —a— 9X2)
= exp | — 5 5
\/27T(ozo + a1x3 + y1h2) (a0 + a3 +7
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@ How are the first order derivatives of an AR(1)-GARCH(1,1)
model different from those of a simple GARCH(1,1) model?
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Part 11|

Alternative specifications for heteroskedasticity
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Other models of heteroskedasticity

Standardised residuals from GARCH models still display some
presence of fat tails. This led to the following models:

@ v, is modelled as having a non—gaussian distribution. Some of
the literature uses a t-distribution to model vy.

e EGARCH, or exponential garch. Nelson (1991)

@ It models log h; instead of h;.

@ It allows the variance to have asymmetric behaviour to reflect
any asymmetries in the data. This model uses |e;_;| along with
€:_; to capture the asymmetries in the returns data in the
heteroskedasticity model.

Other models have been developed which also models the
asymmetric effect without using the exponential form.

@ IGARCH, or Integrated GARCH. These are models where the
variance is non—stationary. It has the form of the GARCH
model, where the GARCH parameters add to one. For
example, an IGARCH(1,1) model will have the form:
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ARCH-in—mean models

@ X: is a linear function of h;.

@ How h; enters the function for x; comes from (a) theory and
(b) empirical testing both.

@ For example, an AR(1)-ARCH(1)—in—mean model:

Xy = 3+¢Xt_1 + d\/ ht+6t
hy = oo+ o161
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