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A society is described by the set of agents, N = {1, ..., n}.

A finite set, A = {x, vy, z, ...}, of alternatives.

A complete, antisymmetric and transitive binary relation, P, over
A is called a preference over A.

By IL(A) we denote the set of all preferences on A.

For a preference P by r;(P) we mean the kth ranked alternative in
P defined as {y : |[{x : xPy}| =k —1}.

A deterministic social choice function (DSCF) on D", D C IL(A), is
defined as f : D" — A.

A DSCEF f is called unanimous if for all Py € D",

f(Pn) = N r1(P;) whenever N, r1(P;) # @.

A DSCF f is manipulable at profile Py by individual 7 via P/ if
f(P;, P_i)Pif (Pn).

It is strategy-proof if it is not manipulable by any player at any
profile.
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A Probabilistic Social Choice Function (PSCF) is a function

d : D" - A A where AA is the set of probability distributions
over A.

For S C A and Py € D", we define by ®5(Py) = Y 5c5 Pu(Pn).
A PSCF & is called unanimous if for all Py € D",

q)ﬂ?zlrl(pi)(PN) = 1 whenever N, r1(P;) # @

Forany P € D and x € A, the upper contour set of x at P is defined
as the set of alternatives that are preferred to x in P, more
formally, B(x, P) = {y € X : yPx}.

A PSCF @ is strategy-proof if for alli € N, for all Py € D", for all
P! € D and forall x € A, we have

ZyEB(x,Pi) qDy(Pi/ P—i) > ZyeB(x,Pi) CDJ/(PZ'// P—i)'

A PSCF @ is tops only if for all Py and P}, € D" such that

r1(P;) = r1(P]) foralli € N we have ®(Py) = ®(Py)).
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We say a rule @ is a convex combination of a set of rules
{D;k=1,2,...,1} if thereexist Ay : k =1,2,...,] with the
property that Ay > 0 for all k and } ; Ay = 1, such that
q)(RN) = )\kq)k(RN) for all Ry € D".

A domain D is said to be deterministic extreme point (DEP) domain
if every strategy-proof and unanimous PSCF on D" is a convex

combination of strategy-proof and unanimous DSCFs on D" for
all n > 2.
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Thank You E [

f(Pn) = g&lﬁ

maX{Vl(Pi)fﬁs}] -

€S

B If 7(D) = A then tops-restricted min-max rules on D" are called
min-max rules.

B A PSCF ® on D" is called a tops-restricted random min-max PSCEF if
® can be written as a convex combination of some tops-restricted
min-max DSCFs on D". If T(D) = A then tops-restricted random
min-max rules on D" are called random min-max rules.
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For two sets X, Y we denote by XAY the symmetric difference of
X and Y defined as XAY = (X \Y)U (Y \ X).

Fora e A, D" ={P €D :ri(P) =a}.

Two preferences Q, Q" € IL(A) are called adjacent preferences if
QAQ ={(a,b),(b,a)} for somea,b € A. If Q and Q' are
adjacent preferences then we write Q ~ Q’.

We say D is connected to D?, denoted by D? ~ D?, if there exist
P* ¢ D, P’ ¢ DP such that P* ~ P?.

A domain D C IL(A) is called Order domain if

(D) = {by,...,bx} forb; € A;j=1,...,k, called the ordered
tops of D, such that

0 D% ~ DV forallj=1,2,...,k—1,and
0 P e Db, Pt € Dlrandr < s < timply
U(bs, PT") M U(bs, Pt) — {bs}
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A set of preferences D C IL(A) is a single-crossing domain if there
are linear orderings < on A and < on D such that forall x,y € A
and P, P’ € D,

[x <y,P <P, and yPx] = yP'x.

B A single crossing domain D is maximal if there does not exist a
single crossing domain D’ C IL(A) such that D C D'.

Lemma 1. Let D be a maximal single crossing domain where the linear

order over the alternatives is < and the linear order over the preferences is

<.Let t(D) ={b1,..., by} whereby < ... < by. Then D is an Order
domain and b; € A;j =1,.. .,k are the ordered tops of D.
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Corollary 1. Let D be a maximal single crossing domain w.r.t. the
ordering < over the alternatives and ® : D" — A A be a strategy-proof
and unanimous PSCF. Then ® is a tops restricted random min-max rule
w.r.t. <.

The above corollary holds for any sub-domain of maximal single
crossing domain satisfying the conditions of Order domain.
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B A preference P; € IL(A) is called single peaked w.r.t an ordering
< over A if

(i) P; has a unique maximal element 7(P;), the peak of P; and
(i) forally,ze€ A, [t(P) Sy <zorz<y =<X1(P)] = yPz.

B A domain is called single peaked w.r.t. an ordering < over A it
each preference in the domain is single peaked with respect to <.

B A single peaked domain D is maximal if there does not exist a
single peaked domain D' C IL(A) such that D C D’.

Corollary 2. Let D be a maximal single peaked domain and
® : D" — AA be a strategy-proof and unanimous PSCE. Then ® is a tops
restricted random min-max rule w.r.t. the single peaked ordering.

The above corollary holds for any sub-domain of maximal single
peaked domain satisfying the conditions of Order domain.
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B A preference of agenti € N, P; € IL(A), is single-dipped on A
relative to a linear ordering < of the set of alternatives if

(i) P; has a unique minimal element d(P;), the dip of P; and
(i) forally,ze€ A,[d(P;) 2y <zorz <y =d(P)| = zPy.

B A domain is called single dipped w.r.t. an ordering < over A if
each preference in the domain is single dipped with respect to <.

B A single dipped domain D is maximal if there does not exist a
single dipped domain D’ C IL(A) such that D ¢ D'.

Corollary 3. Let D be a maximal single dipped domain and
® : D" — AA be a strategy-proof and unanimous PSCE. Then ® is a tops
restricted random min-max rule w.r.t. the single dipped ordering.

The above corollary holds for any sub-domain of maximal single
dipped domain satisfying the conditions of Order domain.
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itF mmmmm ‘ Example 1. Let the set of alternatives be A = {a, b, c,d, e} and the domain

DE?) R of preferences be D = {abcde, acdeb, cadeb, cebad, edbad, edcba}. It is an

Top Restricted Random Order domain. The following is a strategy-proof and unanimous

Order Domain : probabilistic rule over this domain:

225:.8 chm 12| abcdee cdeb Cadeb cebad edbad edchn

e Taede | [U0,000) T L0000 [ (30,7000 (307001 (30,20.5]] (30,209

N - (oo L0000 [ (10000) [ (30700 [ (30700 (30205 [ (30203

= Tt [ 30700 [ (307000 [ ©0L00 | 0,0,100 [ (0,0,583 | [0050.5
el | (30,700 (307000 T 00100 | 08100 00505/ ] 0,0,50,5
olbad | (30,2051 (30205 | 00505 | 00,503 00001 | 00001]
ol | (3,0.20.5 [ (3,0.205] 100505 00505 00001 | 0,8001)
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