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Introduction

This paper attempts to analyze firms’ incentives to invest in cost reducing R&D in differentiated network goods duopoly, where identical competing firms non-cooperatively choose
their respective R&D investment levels before they engage in product market competition.
The framework considered in this analysis (a) distinguishes between degree of product
differentiation and the extent of network compatibility and (b) allows to examine the implications of imperfect compatibility of any order between the two networks (one network
of each firm’s consumers), and, thus, encompasses perfect network compatibility and perfect network incompatibility as two special cases. It compares and contrasts equilibrium
outcomes under Bertrand competition with that under Cournot competition in the product
market in order to understand the implications of product market competition on firms’
optimal R&D behavior in alternative scenarios.
It first demonstrates that the strategic nature of competing firms’ R&D investments crucially depends on relative magnitudes of effective network compatibility and product differentiation measures. Each firm perceives that its own R&D investment and its rival’s R&D
investments are strategic substitutes (strategic complements), if effective network compatibility is smaller (larger) than the extent of product substitutability. This is true regardless
of whether there is Cournot competition or Bertrand competition in the product market.
The reason is, investment in R&D by a firm reduces its own marginal cost of production,
which enables that firm to behave more aggressively, i.e. to expand output or undercut
price depending on the mode of competition, in the product market. In the case of smaller
(larger) effective network compatibility compared to the extent of product substitutability,
the direct negative effect of rival firms’ aggressive behavior on a firm’s market demand
dominates (is dominated by) the corresponding indirect positive effect due to increase in
that firm’s effective network size and, thus, a firm’s marginal gain from investing in R&D
decreases (increases) due to increase in its rivals’ R&D investment. Clearly, in absence of
network externalities, as in the case of standard non-network goods oligopolies, the condition for competing firms’ cost reducing R&D investments to be strategic substitutes is
2

always satisfied, ceteris paribus.1 It is well argued that the strategic nature of competing
firms’ choice variables is likely to have significant bearings to the equilibrium outcomes
(see, e.g.

Bulow et al., 1985). However, to the best of our knowledge, existing studies

on process innovation in network goods oligopoly implicitly assume that competing firms’
R&D investments are strategic substitutes. This paper offers a more general analysis that
allows for R&D investments to be strategic complements as well.
Next, it shows that in the equilibrium Cournot firms always undertake process innovation,
regardless of whether R&D investments are strategic substitutes or strategic complements.
In contrast, if R&D investments are strategic substitutes, Bertrand firms does not undertake process innovation in the equilibrium unless the two networks are sufficiently compatible to each other. It also demonstrates that (i) when R&D investments are strategic
complements, Bertrand competition results in higher R&D investment by each firm in the
equilibrium compared to that under Cournot competition and (b) when R&D investments
are strategic substitutes and firms undertake process innovation regardless of the nature
of product market competition, each firm invests more (less) in R&D in the equilibrium
under Bertrand competition than under Cournot competition provided that the strength
of network externalities is (not) sufficiently high, given the extent of network compatibility
and degree of product differentiation. These are new results.
A number of studies have attempted to compare equilibrium investments in cost reducing
process R&D under Cournot and Bertrand competition. Considering non-network goods
oligopoly, Qiu (1997) and Lin and Saggi (2002) demonstrate that a Cournot firm always
1

Note that R&D investments can be strategic complements even in case of standard non-network goods

oligopoly, provided that there is sufficiently high R&D spillover (Chalioti, 2019; Amir and Knauff, 2008).
However, the mechanism driving the result of R&D complementarity in the present paper differs from
that in models of R&D spillover in non-network goods industries. In order to alienate the implications
of network compatibility on firm’s R&D behavior and for the sake of simplicity this paper sidesteps the
issue of R&D spillover. Nonetheless, intuitively it can be said that presence of strong R&D spillover in
the present context is likely to enhance the possibility of having strategic complementarity of R&D.
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invests more in process R&D than a Bertrand firm does.2 The reason behind this result
is as follows. Investment in cost reducing innovation by a non-network goods producing
firm has two-fold effect on its profit: (i) the direct positive effect, due to reduction in
its marginal cost of production, and (ii) the strategic effect, which is the indirect effect
of a firm’s R&D investment on its profit via the effect of its R&D investment on its
rival’s strategic variable, quantity or price, for product market competition. A firm’s
marginal cost reduction, due to an increase in its R&D investment, induces contraction in
its rival’s output (price) under Cournot (Bertrand) competition and that, in turn, enhances
(reduces) its profit. As a result, under Cournot (Bertrand) competition the strategic
effect of R&D investment is positive (negative), which further reinforces (works against)
the positive direct effect, in non-network goods oligopoly. In network goods oligopoly,
however, the strategic effect works not only through rival’s strategic variable for product
market competition, but also through strategic interaction between a firm’s own and rival
firm’s strategic variable and consumers’ expectations regarding network size. Note that in
the presence of network externalities, firms’ effective market demands are endogenous. If
a firm produces more output or sets lower price, consumers’ expectations regarding that
firm’s network size increases, which in turn has a positive effect on the equilibrium profit of
that firm. When R&D investment levels are strategic complements, this strategic effect via
consumers’ expectations is sufficiently large to overcompensate the negative strategic effect
via rival’s strategic variable under Bertrand competition. This induces Bertrand firms to
invest more in process R&D than Cournot firms. However, in case of strategic substitutes,
for a Bertrand firm to invest more in R&D than a Cournot firm, overcompensation by this
strategic effect via consumers’ expectations depends on the critical strength of network
2

While Qiu (1997) and Lin and Saggi (2002) consider horizontal product differentiation, the Cournot-

Bertrand R&D ranking remains the same in case products are vertically differentiated (see Bonnano and
Haworth, 1998). These studies consider that the extent of reduction in marginal cost of production is
increasing in R&D investment, as considered in the present paper. In alternative scenarios, in which the
extent of marginal cost reduction is exogenously given, non-network goods producing Bertrand firms may
invest more in R&D than their Cournot counterparts (Bester and Petrakis, 1993; Pal, 2010).
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externalities.
There is a vast and growing literature on innovation by oligopolistic firms in the presence of
network externalities. Following Farrell and Saloner (1985, 1986) and Katz and Shapiro
(1985, 1986) several authors have analyzed the relation between network externalities and
firms’ incentives for product innovation in oligopolies.3 However, the issue of process innovation in the presence of network externalities has received rather limited attention in the
literature so far. To the best of our knowledge, Boivin and Vencatachellum (2002), Saaskilahti (2006) and Naskar and Pal (2020) are the only exceptions in this regard. Considering
that networks are perfectly compatible, Boivin and Vencatachellum (2002) examine the
impact of network externalities on process R&D in a homogeneous network goods Cournot
duopoly. They argue that in the presence of network externalities firms invest at least as
much in process R&D as in the absence of network externalities.4 Saaskilahti (2006) allow
for R&D spillover and imperfect network compatibility, but restricts the analysis to the
case of price competition in a linear city model. Very recently, Naskar and Pal (2020)
offer an analysis of differentiated network goods producing firms incentives to invest in cost
reducing process R&D under alternative modes of product market competition, quantity
and price, in two alternative scenarios: (i) perfect incompatibility of networks and (ii) the
extent of network compatibility is same as the extent of product substitutability. This paper is closely related to Naskar and Pal (2020). However, unlike Naskar and Pal (2020),
this paper considers a wider parameter space that allows for the extent network compatibility to vary from zero (i.e. perfect incompatibility) to one (i.e. perfect comparability).
The present analysis encompasses the scenarios considered in Naskar and Pal (2020) as
special cases. More importantly, while the scope of Naskar and Pal (2020) is restricted
to the case of strategic substitutability of R&D investments by firms, this paper considers
both strategic substitutability and strategic complementarity.
3

See Katz and Shapiro (1992), Kristiansen and Thum (1997), Kristiansen (1996, 1998), Cerquera

(2006) and Xing (2014), to name a few.
4
They also show that the equilibrium may not be unique, when network effect is non-linear. The present
paper considers, for simplicity, that consumers’ marginal willingness to pay is linearly in network size.
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The remaining part of the paper is organized as follows. Section 2 presents the framework
of the model. Section 3 and Section 4 analyze the equilibrium R&D behavior of firms
under Bertrand competition and Cournot competition, respectively. Section 5 presents the
main result of Cournot-Bertrand R&D comparison. A discussion on comparison of other
equilibrium outcomes is presented in Section 6. Section 7 concludes.

2

The Model

Consider that there are two firms in the market. Firms produce network goods, which
are differentiated. Consumers of a network good derive higher utility, if more consumers
consume that good. That is, there are two networks, one for each firm’s product. These
two networks are either perfectly compatible, or perfectly incompatible, or imperfectly
compatible to each other. In case these two networks are compatible to each other, utility
of consumers of one good increases due to increase in the number of consumers of the
other good as well, while the extent of such an increase depends on the degree of network
compatibility and the strength of network externalities.

The utility function of the representative consumer is assumed to be as follows.5
U (q1 , q2 ; y1 , y2 ) = α (q1 +q2 )−

q12 + q22 + 2βq1 q2
y 2 + y22 + 2ky1 y2
+n[(y1 +ky2 )q1 +(y2 +ky1 )q2 − 1
],
2
2
(1)

where α (> 0) is a demand parameter, qi (≥ 0) denotes the quantity produced by firm
i, and yi (≥ 0) denotes the consumer’s expectation about firm i’s total sale, i = 1, 2.
β=
5

∂2U
∂q1 ∂q2

∈ (0, 1) is the product differentiation parameter. A lower value of β indicates

This form of the utility function is a generalization of the utility function considered in several studies

including Hoernig (2012), Bhattacharjee and Pal (2014), Pal (2014), Pal (2015) and Song and F.S.Wang
(2017), to name a few (henceforth ‘h-utility function’). The utility function (1) encompasses the h-utility
function as special case in which k = β. The utility function (1) is the same as in Naskar and Pal (2020).
However, Naskar and Pal (2020) restrict their analysis by considering two special cases, k = β and k = 0,
only.
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higher degree of product differentiation. In other words, β measures the extent of product
substitutability. The parameter k ∈ [0, 1] measures the extent of network compatibility:
a higher value of k indicates greater compatibility between the two networks. The two
extreme values k = 0 and k = 1 corresponds to perfect incompatibility and perfect compatibility, respectively, between the two networks. Thus, the effective network size of firm
i is given by si = yi + kyj ; i , j = 1, 2, i 6= j. The parameter n =

∂ ∂U
[ ]
∂si ∂qi

=

∂ ∂U
[ ]
∂yi ∂qi

∈ [0, 1),

i = 1, 2, measures the strength of network externalities: a higher value of n indicates
stronger network externalities, while n = 0 corresponds to the case of non-network goods.
Clearly, kn =

∂ ∂U
[ ]
∂yj ∂qi

∈ [0, 1); i , j = 1, 2, i 6= j measures the extent of effective network

compatibility in the present context.6

The direct market demand function of good i (= 1, 2) derived from the above utility
function is as follows.
qi =

(1 − β)α − pi + βpj + n(1 − kβ)yi + n(k − β)yj
; i, j = 1, 2, i 6= j.
1 − β2

(2a)

Corresponding inverse market demand function of firm i can be written as
pi = α − qi − βqj + n(yi + kyj ); i, j = 1, 2, i 6= j.

(2b)

Clearly, the larger the effective network size si = yi + kyj of firm i, higher is the consumers’
willingness to pay for good i for any given quantities qi and qj .

Initially, each firm has the same constant marginal cost of production c, (0 < c < α).
However, firm i (= 1, 2) can reduce its marginal cost of production from c to (c − xi ) by
investing xi ∈ [0, c] in process R&D. The cost of firm i’s R&D investment is given by
Fi (xi ) = (λ/2) (xi ) 2 , where λ(> 0) is the R&D cost parameter. We assume that marginal
cost of R&D increases at a sufficiently higher rate with the increase in R&D investment, i.e.
∂ 2 Fi (xi )
∂x2i
6

= λ, is sufficiently large, as implied by Assumption 1, which ensures that second

∂U
Note that kn = − ∂y∂ j [ ∂y
]; i , j = 1, 2, i 6= j.
i
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order conditions and stability conditions are satisfied in each of the cases considered in this
analysis.

Assumption 1: λ > max{λ1 , λ2 }, where λ1 =
2α(1−β 2 )(2−n−β 2 )
.
c(2−n+kn−β−β 2 )[(2−β)(1+β)−(1+k)n]2

2α(1−β 2 )(2−n−β 2 )
c(2−n+kn−β−β 2 )2 [(2−β)(1+β)−(1+k)n]

and λ2 =

It is easy to check that λ1 > (=)λ2 , if β > (=)kn; Otherwise, λ1 < λ2 , if β < kn.
We consider a sequential move game between competing firms, in which R&D investment
levels are decided before the product market competition takes place. Stages of the game
are as follows.

Stage 1: Firms choose investment level of R&D, xi and xj , independently
and simultaneously. Once R&D decisions are taken, these become common knowledge.
Stage 2: Consumers form expectation about firms’ sales and, hence, about
network sizes. Subsequently, firms engage themselves in product
market competition.
In the product market either Cournot competition or Bertrand competition takes place.
The nature of product market competition is considered to be exogenously given and known
to all from the very beginning of the game.

We mention here that stages of the sequential move game considered in this analysis are
the same as in Naskar and Pal (2020). Note that firms are ‘network-size taking’ while
competing in product market a la Katz and Shapiro (1985) and Amir and Lazzati (2011).7
7

That is, firms can not credibly commit to output levels/prices but they credibly commit to R&D

investment levels in stage 1 which consumers use to form expectations about firms’ outputs. Alternative
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We characterize the sub-game perfect Nash equilibrium (SPNE) of the game by backward
induction method. In doing so, following Katz and Shapiro (1985) and Amir and Lazzati
(2011), we assume that consumers’ expectations are fulfilled in the equilibrium. That is,
we impose the additional condition of rational expectations by consumers in stage 2 a la
Naskar and Pal (2020).

3

Bertrand Competition

First consider that firms engage in Bertrand competition in the product market. Thus, in
stage 2, the problem of firm i can be written as follows.
max πiB = pi qi (pi , pj ; yi , yj ) − Ci (qi (pi , pj ; yi , yj ); xi ); i, j = 1, 2, i 6= j;
pi

(3)

where Ci (qi ; xi ) = (c − xi )qi + λ2 x2i is the total cost of firm i and qi (·) is given by equation
(2a). Note that, while choosing pi , firm i considers pj , yi , yj , xi and xj as given. Solving
this problem we get firm i’s price reaction function as follows.

1
pi = [α(1 − β) + c + nyi (1 − βk) + nyj (k − β) + βpj − xi ]
2

(4)

It is easy to see that prices pi and pj are strategic complements for all values of n. Price
reaction function of firm i depends upon yi as well as yj . It’s worth noting that if consumers’
expectation about firm’s own output is higher, it shifts the reaction function outward and
this shift is positively related with the strength of network effects, n, whereas higher
consumers’ expectation about rival’s output shifts the reaction curve outward (inward)
if k > (<) β and the direction of shift is reinforced by stronger network externalities.
Following Katz and Shapiro (1985), we obtain Rational Expectations Nash Equilibrium by
scenarios in which (a) firms credibly commit to both R&D investment levels and output/price decisions
and (b) firms can not credibly commit to any of the strategic variables, are beyond the scope of this paper.
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imposing yi = qi , i = 1, 2. The equilibrium prices and quantities in stage 2 are as follows:
((1 − β)(2 + β) − (1 − k)n)(c(1 − n − kn + β) + α(1 − β 2 ))
+
(2 − n + kn − β − β 2 )((2 − β)(1 + β) − (1 + k)n)
(n(3 − n + k 2 n) − 2 − 2knβ + (2 − n)β 2 )xi + (kn − β)(1 − β 2 )xj
(2 − n + kn − β − β 2 )((2 − β)(1 + β) − (1 + k)n)

pi =

qi =

(α − c)((1 − k)n − (1 − β)(2 + β)) + (kn − β)xj + (2 − n − β 2 ) xi
(2 − n + kn − β − β 2 ) ((2 − β)(1 + β) − (1 + k)n)

(5)

(6)

and similarly for firm j. The resulting expressions are well defined for ∀ β ∈ (0, 1), k ∈ [0, 1]
and n ∈ [0, 1). The second order and stability conditions are satisfied.

In stage 1, firms conduct process R&D simultaneously and independently to maximize
their respective profits. That is, the problem of firm i in stage 1 can be written as
M ax πiB (pi (xi , xj ), pj (xi , xj ), xi ); i, j = 1, 2, i 6= j. Ignoring the non-negativity constraint,

xi ∈[0,c]

the first order condition of the problem yields the following.
xi =

2(1 − β 2 )(2 − n − β 2 )((α − c)(2 − n + kn − β − β 2 ) − (kn − β)xj )
, i, j = 1, 2, i 6= j.
(2 − n + kn − β − β 2 )2 ((2 − β)(1 + β) − (1 + k)n)2 λ − 2(1 − β 2 )(2 − n − β 2 )2
(7)

Lemma 1: If the extent of product substitutability is greater (smaller) than effective network compatibility, under Bertrand competition firms’ R&D investment levels are strategic
substitutes (strategic complements):

B
∂ ∂πi (·)
[ ∂xi ]
∂xj

< (>) 0, if β > (<) nk; ∀i, j = 1, 2, i 6= j.

Proof: See Appendix.

Strategic substitutes and strategic complements above have been defined as in Bulow et al.
(1985). Lemma 1 defines a cut-off for effective network compatibility in terms of extent
of product substitutability below which R&D investment levels change from being strategic substitutes to strategic complements. It implies that, under Bertrand competition in
the product market, firms’ R&D reaction functions are downward (upward) sloping in the
x1 x2 -plane, provided that the extent of product substitutability is greater (smaller) than
10

effective network compatibility. The reason is as follows. A firm has greater incentive to
reduce its marginal cost of production, if market demand for the product is higher. Now,
if the rival firm invests more in R&D, rival firm’s marginal cost of production reduces by a
larger amount, which enables the rival firm to behave more aggressively (by setting lower
price) in the product market. More aggressive play by the rival firm in the product market
has two opposing effects on the other firm’s demand: (a) a negative effect due to product
substitutability and (b) a positive effect through network size due to network compatibility. If the extent of product substitutability is greater (smaller) than the effective network
comparability, the negative effect dominates (is dominated by) the positive effect and, thus,
a firm’s marginal profitability of R&D reduces (increases) due to an increase in rival firm’s
R&D.

Note that, if the two networks are perfectly incompatible to each other (k = 0) or the
extent of network compatibility is same as that of product substitutability (k = β), the
condition for firms’ R&D investments to be strategic substitutes (β > kn) is always satisfied. Existing studies on process R&D in network goods oligopoly assumes that k ∈ {0, β}
and, thus, focuses only strategic substitutability of R&D investments. Considering nonnetwork goods oligopoly Chalioti (2019) and Amir and Knauff (2008) argue that firms’
R&D investments can be strategic complements in case R&D spillover is sufficiently high.
However, the underlying mechanism driving Lemma 1 is very different from that in Chalioti (2019) and Amir and Knauff (2008).

Now, solving firms R&D investment choice problems in stage 1, we obtain the equilibrium
R&D investment levels as follows (where superscript B∗ denotes the equilibrium under
Bertrand competition).

11

x

B∗

=





2(1−β 2 )(α−c)(2−n−β 2 )
,
(2−n+kn−β−β 2 )((2−β)(1+β)−(1+k)n)2 λ−2(1−β 2 )(2−n−β 2 )

if 2 − n − β 2 > β − kn
(8)


0, otherwise
It is easy to observe that the condition 2 − n − β 2 > β − kn is satisfied for all β < kn,
since β ∈ (0, 1), n ∈ [0, 1) and k ∈ [0, 1]. However, if β > kn, 2 − n − β 2 > β − kn may or
may not hold true. It implies that, if R&D investments are strategic complements, under
Bertrand competition in network goods oligopoly firms’ equilibrium R&D investments are
always positive. In contrast, if R&D investments are strategic substitutes, firms may not
invest in R&D in the equilibrium under Bertrand competition in network goods oligopoly.
Further note that, if n = 0, 2 − n − β 2 > β − kn holds true for all β ∈ (0, 1); i.e. in standard
non-network goods oligopoly, under Bertrand competition firms always invest in R&D.

Proposition 1: In the presence of network externalities, if R&D investment levels are
strategic complements, a Bertrand firm always invests in process R&D. On the other hand,
if R&D investment levels are strategic substitutes, there exists a critical value k̄ of strength
of network externalities for given n and β such that a Bertrand firm invests in process
R&D if and only if k > k̄, where k̄ = 1 −

2−β−β 2
n

< 1.

Proof: See Appendix.

The mechanism behind the above proposition can be understood through the direct and
the indirect effects of a change in xi on firm i’s profit.
"
!
B
B
B
∂p
dπiB
∂πiB ∂πiB ∂pB
∂π
∂y
∂p
∂y
∂πiB
i
i
j
j
i
i
=
+ B
+
+
+
dxi
∂xi ∂pj ∂xi
∂yi ∂pB
∂yj
∂pB
i ∂xi
j ∂xi

∂yj ∂pB
∂yj ∂pB
j
i
+
B
∂x
∂x
∂pB
∂p
i
i
i
j

!#
(9)

In equation (9), effects of an increase in xi on firm i’s profit have been decomposed in
to three components. The first term on the right hand side is the direct effect, which is
positive; because, an increase in R&D investment by a firm reduces its marginal cost and
that in turn increases its profit. The second term on the right hand side is the strategic
12

effect, which is negative. The reason is (i) a reduction in marginal cost of a firm induces
∂pB

it to set a lower price and that causes its rival firm to lower price too ( ∂xji < 0) and (ii)
∂π B

a reduction in rival’s price adversely affects a firms profit ( ∂pBi > 0), thus, the effect of xi
j

on

πiB

through its effect on pj is negative. The third term captures second order effect of

network externalities, which works through effects of firm’s own and its rival firm’s prices
on consumers’ expectations about each firm’s output. This second order effect is negative,
if k < 1 −

1−β
n

= k0 , i.e. if networks are sufficiently incompatible; since in that case the

increase of firm i’s effective network size (si = yi + kyj ) due to an increase in consumers’
expectation regarding firm j’s sales (yj ) is sufficiently small. When the second order effect
is negative, it together with the negative strategic effect dominates the positive direct
effect, if network compatibility is even less, i.e. if k < k̄ (< k0 ).8 It follows that, when
R&D investments are strategic substitutes (β > kn), a Bertrand firm invests in process
R&D only if the two networks are sufficiently compatible to each other, given the strength
of network externalities and the extent of product substitutability. Nevertheless, it can be
checked that, if in the presence of network externalities Bertrand firm invests in process
R&D, it invests more than that in the absence of network externalities (n = 0).

4

Cournot Competition

Now consider that firms engage themselves in Cournot quantity competition in the product
market. In such a scenario, firm i’s problem in stage 2 is as follows.

max πiC = pi (qi , qj ; yi , yj ) qi − Ci (qi , xi ); i, j = 1, 2, i 6= j;
qi ≥0

(10)

where Ci (qi , xi ) = (c − xi )qi + λ2 x2i and pi (·) is given by equation (2b). From the expression
of πiC it is easy to check that

C

∂ ∂πi
[
∂qj ∂qi

] < 0, i.e., each firm perceives that qi and qj are

strategic substitutes.

8

k0 − k̄ =

1−β 2
n

> 0.

13

Solving the quantity choice problem (10) of firm i, we obtain its quantity reaction function,
which is given by (11).
1
qi = (α − c − βqj + xi + nyi + knyj ) ;
2

i, j = 1, 2, i 6= j

(11)

Note that, unless the two networks are perfectly incompatible to each other, both (i) an
increase in consumer’s expectations regarding firm i’s own sales and (ii) an increase in
consumer’s expectations regarding rival firm j’s sales shift firm i’s quantity reaction curve
outwards:

∂qi (qj ;yi ,yj )
∂yi

= n/2 > 0 and

∂qi (qj ;yi ,yj )
∂yj

= nk/2 > 0, ∀ n ∈ (0, 1) and k ∈ (0, 1].

Nonetheless, the positive effect of consumers’ expectations about a firm’s own sales on its
quantity choice is larger than the the positive effect of consumers’ expectations about its
rival firm’s sales, unless the two networks are perfectly compatible to each other (k = 1).
In the later case, these two positive effects are of equal magnitude.
Firms quantity reaction functions (11) along with the Rational Expectations conditions
yi = qi (as in Katz and Shapiro (1985)) yields the following stage 2 equilibrium prices and
quantities, respectively, under Cournot competition.
pi =

(α + c(1 − n + β − kn))(2 − n + kn − β) + (n(3 − n + k 2 n) − 2knβ + β 2 − 2)xi − (β − kn)xj
,
(2 − (1 − k)n − β)(2 − n + β − kn)
(12)

and
qi =

(α − c)(2 − (1 − k)n − β) + (2 − n)xi − (β − kn)xj
,
4 + (1 − k 2 )n2 − β 2 − n(4 − 2kβ)

It is easy to check, from equation (13), that (a)
(c) |

∂qi
∂xi

|>|

∂qi
∂xj

∂qi
∂xi

> 0, (b)

∂qi
∂xj

i, j = 1, 2, i 6= j.

(13)

> (<)0, if β < (>)kn, and

|.

Now, in stage 1 firms choose R&D investment levels, simultaneously and independently,
to maximize their respective profits. Thus, the problem of firm i (= 1, 2) is given by
πiC (xi , xj ) = pi (xi , xj ) qi (xi , xj ) − Ci (qi (xi , xj ), xi ); i, j = 1, 2, i 6= j. From the first order
xi ∈[0,c]

condition of the problem of firm i we get its R&D reaction function as follows.
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xi =

2(2 − n) ((α − c)(2 − (1 − k)n − β) + (β − kn)xj )
; i, j = 1, 2, i 6= j
(2 − (1 − k)n − β)2 (2 − n − kn + β)2 λ − 2(2 − n)2

(14)

Lemma 2: Under Cournot competition in the product market, each firm perceives that
its own R&D investment and its rival firm’s R&D investment are strategic substitutes
(strategic complements) in case the extent of product substitutability is greater (smaller)
than effective network compatibility:

C
∂ ∂πi (·)
[
]
∂xj
∂xi

< (>) 0, if β > (<) nk; ∀i, j = 1, 2, i 6= j.

Proof: See Appendix.

Lemma 2 implies that under Cournot competition in the product market each firm’s R&D
reaction functions are downward (upward) sloping in the x1 x2 -plane, if β > (<) nk, as
under Bertrand competition (Lemma 1). The intuition is also the same as that under
Bertrand competition. The following Proposition is immediate from Lemma 1 and Lemma
2.

Proposition 2: In network goods duopoly, regardless of the nature of product market
competition – Cournot or Bertrand, the strategic nature of firms’ investments in process
R&D depends on relative magnitudes of (i) product substitutability and (ii) effective network
compatibility. If the former is greater (smaller) than the later, levels of R&D investments
are strategic substitutes (strategic complements).

From Proposition 2 it follows that, if firms’ R&D strategies are strategic substitutes (strategic complements) under Bertrand competition, these are also strategic substitutes (strategic complements) under Cournot competition; and vice-versa. It can be checked that in the
special case, when the extent of product substitutability is equal to the measure of effective network compatibility (β = kn), there does not exist any strategic interaction between
firms at the R&D stage (i.e. in stage 1), irrespective of whether there is Cournot competition or Bertrand competition in stage 2. In such a knife-edge scenario, R&D investment
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by a firm does not directly depend on its rival firm’s R&D investment.

Corollary 1: If β = kn,

g
∂ ∂πi (·)
[
]
∂xj ∂xi

= 0, g ∈ {C, B}; ∀i, j = 1, 2, i 6= j

Proof: See Appendix.

Now, solving firms R&D reaction functions (14), we obtain the equilibrium R&D investment level of each firm as follows.
xC∗ =

2(2 − n)(α − c)
,
(2 − β − (1 − k)n)(2 − n − kn + β)2 λ − 2(2 − n)

(15)

where the superscript C stands for Cournot competition.

Proposition 3: In the presence of network externalities, Cournot firms always invest in
process R&D, regardless of the strategic nature of their R&D investments.
Proof: See Appendix.

The underlying mechanism behind Proposition 3 is as follows. In stage 1, firm i chooses
xi by taking xj as given and correctly anticipating implications of R&D choices on stage 2
equilibrium outcomes. Note that, for any given xj ,
"
#
dπiC
∂πiC ∂πiC ∂qjC
∂πiC ∂yi ∂qiC ∂πiC ∂yj ∂qjC
=
+ C
+
+
; ∀i, j = 1, 2, i 6= j.
dxi
∂xi
∂yi ∂qiC ∂xi
∂yj ∂qjC ∂xi
∂qj ∂xi

(16)

An increase in xi affects firm i’s profit through three channels. First term on the right hand
side is the direct effect, which is positive unless xi is sufficiently large. This is because,
a reduction in marginal cost of firm i positively affects its gross profit (i.e. profit before
deducting cost of R&D). Second term on the right hand side is the strategic effect which is
also positive, since a reduction in marginal cost of firm i reduces the rival’s output which
in turn has a positive impact on i’s profit. The third term in the square bracket on the
right hand side is second order effect due to network externalities which is also positive,
the explanation of which is as follows. A reduction in firm i’s marginal cost increases
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its output and, thus, increases consumers’ expectations regarding its sales, which has a
positive effect on its profit. Hence, the effect of a firm’s R&D on its profit via consumers’
expectations regrading its own sales (the first term in square bracket) is positive. On the
other hand, a reduction in firm i’s marginal cost decreases rival firm j’s output. In the
equilibrium, consumers anticipates it correctly and lowers their expectations regarding firm
j’s sales, which adversely affects firm i’s demand and profits. Hence, the effect of a firm’s
R&D on its profit through consumer’s expectation regarding its rivals sales (the second
term in square bracket) is negative. However, the second order effect through consumers’
expectation regarding a firm’s own sales is stronger than that through through consumers’
expectation regarding rival firm’s sales. Since the direct effect, the strategic effect as well
as total second order effect are positive, it is always profitable for a Cournot firm to invest
in process R&D in the presence of network externalities.
We mention here that Cournot firms always invests in R&D in absence of network externalities (n = 0) as well. The presence of network externalities enhances Cournot firms
incentives to invest in R&D.

5

Bertrand-Cournot R&D Comparison

In this section we compare the equilibrium R&D investment levels under Bertrand and
Cournot competition. In the absence of network externalities, Cournot firms invest more
in process R&D than Bertrand firms (Lin and Saggi, 2002) because strategic effect of a
decrease in marginal cost acts against the direct positive effect in case of Bertrand competition, as discussed in previous sections. However, in the presence of network externalities,
this result may reverse. We compare the results under two cases, strategic complementarity and strategic substitutability of R&D investment levels.

Proposition 4 : In network goods duopoly the ranking of equilibrium R&D investments
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under Bertrand and Cournot competition is as follows.
(i) When firms’ R&D strategies are strategic complements, each firm invests more in
process R&D in the equilibrium under Bertrand competition compared to that under
Cournot competition: when β < kn, xB∗ > xC∗ ∀ n ∈ (0, 1).
(ii) When R&D investment levels are strategic substitutes, there exists a critical level
n∗ (β, k) ∈ (0, 1) of strength of network externalities such that a Bertrand firm invests
more in process R&D than a Cournot firm, if the strength of network externalities is
greater than the critical level: when β > kn, xB∗ > xC∗ if n > n∗ (β, k).
Proof: See Appendix.

The intuition behind Proposition 4 is as follows. When product differentiation is large (i.e.
β is less) so that R&D investment levels are strategic complements, intensity of product
market competition is less and thus the magnitude of negative (positive) strategic effect of
R&D under Bertrand (Cournot) competition is less. In turn, Bertrand R&D investment
level is always higher than Cournot R&D investment level. On the other hand, for R&D investment levels to be strategic substitutes, β must be sufficiently large. A larger β increases
the intensity of product market competition and that in turn increases the magnitude of
negative (positive) strategic effect of R&D in Bertrand (Cournot) competition. Hence, for
Bertrand R&D to be greater than Cournot R&D, network effects should be sufficiently
large, i.e. n > n∗ should hold true.
In the knife-edge scenario in which there is no strategic interaction between firms in terms
of R&D investment choices (i.e. when β = kn), the equilibrium R&D investment under
Bertrand competition is greater than that under Cournot competition. The intuition is
similar to that in the case of strategic complementarity of R&D investments.

Corollary 2: If β = kn, xB∗ > xC∗ ∀ n ∈ (0, 1)
Proof: See Appendix.
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Note that, if k ∈ {β, 0} as in Naskar and Pal (2020), firms R&D investments are strategic
substitutes. From Proposition 4(ii) it follows that (a) xB∗ |k=β > xC∗ |k=β , if n > n∗ (β, β),
and (b) xB∗ |k=0 > xC∗ |k=0 , if n > n∗ (β, 0). Clearly, results of Naskar and Pal (2020)
emerge in special cases of the present analysis.

6

Further Comparisons

Although the focus of this paper is on firms’ R&D investments, a discussion on implications
of network compatibility on the equilibrium output and prices under alternative modes of
product market competition, Bertrand versus Cournot, seems to deserve some attention.

Corollary 3: Suppose that R&D investment levels are strategic complements (i.e. β <
kn). Then, output and profit of each firm in the equilibrium under Bertrand competition
are higher than those under Cournot competition. Bertrand equilibrium prices are also
higher than Cournot equilibrium prices in the presence of sufficiently strong network externalities ( 1+β
< n < 1).
1+k
Proof: See Appendix.

Clearly, in the case of strategic complementarity of firms’ R&D investments, standard
Bertrand-Cournot profit ranking is always reversed. The reason is, in the presence of
network externalities, the strategic variable for product market competition (quantity or
price) affects firms’ profits through two channels: (i) the direct effect, which is negative
in case of more aggressive play in the product market and (ii) the indirect positive effect
via consumers’ expectations. The overall effect is always higher for Bertrand firms than
Cournot firms, whenever R&D investments are strategic complements. From Corollary 3,
it also follows that Bertrand competition results in higher consumers surplus and social
welfare (the sum of consumers surplus and firms profits) than Cournot competition in the
case of strategic complementarity of R&D investments, as in non-network goods oligopoly.
19

Corollary 4: Suppose that R&D investment levels are strategic substitutes (i.e. β > kn)
and firms undertake process R&D regardless of the mode of product market competition
(i.e. 2 − n − β 2 > β − kn). Then, the equilibrium output (price) of each firm is higher
(lower) under Bertrand competition than that under Cournot competition.
Proof: See Appendix.

From Corollary 4 it follows that, when R&D investment levels are strategic substitutes
and firms have incentive to invest in process R&D, the implication of the mode of product
market competition on the equilibrium price and output remains the same as in the case of
non-network goods oligopoly. However, it turns out that Bertrand-Cournot profit ranking
in the case of strategic substitute R&D investments is ambiguous. We mention here that
Pal (2014) argues that the standard Bertrand-Cournot profit ranking gets reversed in the
presence of strong network externalities. However, unlike as in this paper, Pal (2014)
considers that k = β and firms do not undertake any R&D activities.

7

Conclusion

This paper develops a model to examine the implications of the mode of product market competition, Bertrand versus Cournot, and network compatibility on the equilibrium
investments in marginal cost reducing process R&D by differentiated network goods producing firms. The framework considered in this paper is fairly general, which allows for
a larger parameter space compared to Naskar and Pal (2020). It demonstrates that in
network goods duopoly firms’ R&D investments may be strategic substitutes or strategic
complements, unlike as in Naskar and Pal (2020). If the extent of product substitutability is less (more) than the degree of effective network compatibility, each competing firm
perceives that its own R&D investment and its rival firm’s R&D investment are strategic
complements (substitute), regardless of whether firms engage themselves in Bertrand or
Cournot competition in the product market. This is a novel finding. Further, it shows
that, while Cournot firms always invest in R&D, Bertrand firms do not always have the
20

incentive to invest in R&D in case firms’ R&D strategies are strategic substitutes. When
firms R&D strategies are strategic complements, Bertrand competition results in higher
investment in R&D in the equilibrium Compared to Cournot competition. In contrast,
when firms R&D strategies are strategic substitutes, the equilibrium investment in R&D
under Cournot competition is higher than that under Bertrand competition, unless there
is sufficiently strong network externalities. These are new results. This paper, thus, offers
new insights to understand the implications of network compatibility and product market
competition on firms’ optimal investments in process R&D.
The analysis of this paper considers that market demand functions are linear in expected
network size as in Naskar and Pal (2020). While this assumption helps to directly compare
results of this paper with that of existing studies and also to keep the analysis fairly simple,
it seems to be interesting to allow for non-linear effects of network sizes on demand. We
leave this for future research.
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Appendix
Proof of Lemma 1
In the case of Bertrand competition,
∂ ∂πiB (·)
2(kn − β) (1 − β 2 ) (2 − n − β 2 )
[
]=
∂xj ∂xi
(2 − n + kn − β − β 2 )2 ((1 + k)n − (2 − β)(1 + β))2
Since k, β ∈ (0, 1) and n ∈ [0, 1),
1 − β 2 > 0, 2 − n − β 2 > 0 and the denominator in the above expression is a squared term,
hence positive.
Therefore,



> 0, if β < kn

B
∂ ∂πi (·)
[ ∂xi ]
∂xj


< 0, if β > kn

That is, xi and xj are strategic complements if β < kn and strategic substitutes if β > kn.
[QED]

Proof of Proposition 1
The equilibrium R&D investment level of each firm under Bertrand competition is given
2(α−c)(1−β 2 )(2−n−β 2 )
by equation (8). Note that, xB∗ = −2(1−β 2 )(2−n−β 2 )+(2−n+kn−β−β 2 )((1+k)n−(2−β)(1+β))2 λ > 0, if
2 − n − β 2 > β − kn holds true. Otherwise, if 2 − n − β 2 6 β − kn, xB∗ = 0.
Now, note that when β < kn, the inequality 2 − n − β 2 > β − kn always holds true, for
n ∈ [0, 1), k ∈ [0, 1] and β ∈ (0, 1). It implies that, when R&D investments are strategic
complements, i.e. β < kn, xB∗ > 0.
Now, when β > kn, the inequality 2 − n − β 2 > β − kn holds true, provided that
2

k > 1− 2−β−β
= k̄. Alternatively, when β > kn and k 6 k̄, the inequality 2−−β 2 > β −kn
n
does not hold. It follows that, when R&D investments are strategic substitutes, i.e. when
β > kn, for xB∗ > 0 to hold, we must have k > k̄. [QED]

Proof of Lemma 2
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In the case of Cournot competition,
∂ ∂πiC (·)
2(2 − n)(kn − β)
[
]=
∂xj ∂xi
(2 − n − kn + β)2 (2 − n + kn − β)2


> 0, if β < kn
C
∂ ∂πi (·)
Since the denominator is positive and 2 − n > 0, ∂xj [ ∂xi ]

< 0, if β > kn
Therefore, xi and xj are strategic complements if β < kn and strategic substitutes if
β > kn. [QED]

Proof of Proposition 2
The proof follows directly from Lemma 1 and 2.

Proof of Corollary 1
We have the following.
∂ ∂πiB (·)
2(kn − β) (1 − β 2 ) (2 − n − β 2 )
[
]=
∂xj ∂xi
(2 − n + kn − β − β 2 )2 ((1 + k)n − (2 − β)(1 + β))2
and
∂ ∂πiC (·)
2(2 − n)(kn − β)
[
]=
.
∂xj ∂xi
(2 − n − kn + β)2 (2 − n + kn − β)2
It can be easily seen that both the expressions above are zero when β = kn.
Hence, if β = kn,

g
∂ ∂πi (·)
[
]
∂xj ∂xi

= 0, g ∈ {C, B}; ∀i, j = 1, 2, i 6= j. [QED]

Proof of Proposition 3
From equation (15), the equilibrium R&D investment level in Cournot competition is as
follows.
xC∗ =

2(2 − n)(α − c)
(2 − β − (1 − k)n)(2 − n − kn + β)2 λ − 2(2 − n)

The above expression is positive for all values of n ∈ [0, 1), k ∈ [0, 1] and β ∈ (0, 1).
Hence, a Cournot firm always invests in process R&D. [QED]
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Proof of Proposition 4
The equilibrium R&D investments of each firm under Cournot and Bertrand competition
are, respectively, given by equations (8) and (15).
Now, first consider that β < kn. Then, 2 − n − β 2 > β − kn holds true, since n ∈ [0, 1), β ∈
(0, 1) and k ∈ [0, 1]. It implies that xB∗ =

2(1−β 2 )(α−c)(2−n−β 2 )
(2−n+kn−β−β 2 )((2−β)(1+β)−(1+k)n)2 λ−2(1−β 2 )(2−n−β 2 )

>

0. Comparing this xB∗ with xC∗ , which is given by equation (15), it is easy to check that
xB∗ > xC∗ ∀ n ∈ [0, 1).
Next, consider that both β > kn and 2 − n − β 2 > β − kn hold true. Then xB∗ =
2(1−β 2 )(α−c)(2−n−β 2 )
(>
(2−n+kn−β−β 2 )((2−β)(1+β)−(1+k)n)2 λ−2(1−β 2 )(2−n−β 2 )

0) and xC∗ (> 0) is given by equation

(15). It follows that in this case xB∗ > xC∗ , if and only if G < H, where
2

G=

(2−n−β 2 −β+kn)(2−n−β 2 +β−kn)
((1−β 2 )(2−n−β 2 ))

and H =

(2−n−β+kn)(2−n+β−kn)2
.
(2−n)

It can be checked that, for n > β, G < H ∀ k, β ∈ (0, 1). Now, (i) when n = 0, G > H
and (ii) when n = β, G < H. Further,

∂G
∂n

−

∂H
∂n

< 0 for n ∈ (0, β). Hence, for given k

and β, there exists n∗ (β, k) ∈ (0, β), such that for n > n∗ (β, k), H < G =⇒ xB∗ > xC∗ .
Hence, investment level in process R&D under Bertrand competition will be greater than
that under Cournot competition, if n > n∗ (β, k).
Finally, consider that β > kn, but 2 − n − β 2 < β − kn. Then xC∗ > 0 = xB∗ , from
equations (8) and (15). [QED]

Proof of Corollary 2
If β = kn, the inequality 2 − n − β 2 > β − kn holds true. Hence, from equations (8) and
(15), we have the following.
2(1−β 2 )(α−c)(2−n−β 2 )

xB∗ =

(2−n+kn−β−β 2 )((2−β)(1+β)−(1+k)n)2 λ−2(1−β 2 )(2−n−β 2 )

xC∗ =

2(2−n)(α−c)
(2−β−(1−k)n)(2−n−kn+β)2 λ−2(2−n)

> 0 and

> 0, ∀ n ∈ [0, 1), β ∈ (0, 1) and k ∈ [0, 1].

Comparing the above two expressions, it follows that xB∗ > xC∗ ∀ n ∈ [0, 1), β ∈ (0, 1)
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and k ∈ [0, 1] such that β = kn is satisfied.
[QED]
Proof of Corollary 3 & 4

(i) When β < kn,
q B∗ =

(α − c)((1 + k)n + (2 − β)(1 + β))((1 − β)(2 + β) − (1 − k)n)λ
2 (1 − β 2 ) (2 − n − β 2 ) + (2 − n + kn − β − β 2 ) ((2 − β)(1 + β) − (1 + k)n)2 λ
q C∗ =

pC∗ =

(α − c)(2 − (1 − k)n − β)(2 − n − kn + β)λ
(2 − (1 − k)n − β)(2 − n − kn + β)2 λ − 2(2 − n)

(α + c(1 − n − kn + β))(2 − (1 − k)n − β)(2 − n − kn + β)λ − 2(2 − n)α
(2(1 − k)n − β)(2 − n − kn + β)2 λ − 2(2 − n)
2

2(α−c)(β−kn)(1−β 2 ) (2−n−β 2 )
,
(2−n+kn−β−β 2 )((1+k)n−(2−β)(1+β))2 λ−2(1−β 2 )(2−n−β 2 )
2
2
2
2
2(α−c)(1−β )(2−n−β )(2−n(3−n+k n)+2knβ−(2−n)β )
,
(2−n+kn−β−β 2 )((1+k)n−(2−β)(1+β))2 λ−2(1−β 2 )(2−n−β 2 )

Let L =
M=

N = ((1 − k)n − (1 − β)(2 + β)) (c(1 − n − kn + β) + α (1 − β 2 )), and
K = (2 − n + kn − β − β 2 ) ((1 + k)n − (2 − β)(1 + β)).
Then, pB∗ =

L+M +N
.
K

From the above expressions, it can be checked that q B∗ > q C∗ for all n ∈ [0, 1), k ∈ [0, 1]
and β ∈ (0, 1) such that β < kn.
pB∗ > pC∗ when

1+β
1+k

< n < 1.

Equilibrium profits are as follows.

2

π

B∗

=

π C∗ =

2

(α−c)2 (1−β 2 )λ((2−n−kn−β−β 2 ) ((1+k)n−(2−β)(1+β))2 λ−2(1−β 2 )(2−n−β 2 ) )
(2(1−β 2 )(2−n−β 2 )−(2−n+kn−β−β 2 )((1+k)n−(2−β)(1+β))2 λ)2

,

(α−c)2 λ(−2(2−n)2 +(2−(1−k)n−β)2 (2−n−kn+β)2 λ)
(−2(2−n)+(2−(1−k)n−β)(2+n+kn−β)2 λ)2

It can be checked that π B∗ > π C∗ for all n ∈ [0, 1), k ∈ [0, 1] and β ∈ (0, 1) such that
β < kn.
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(ii) When β > kn and k > k̄, we obtain the same expressions as in (i). It can be easily
checked that q B∗ > q C∗ and pB∗ < pC∗ for all n ∈ [0, 1), k ∈ [0, 1] and β ∈ (0, 1). [QED]
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