Strategy-Proof Rules On Partially Single-Peaked Domains

Author: Gopakumar Achuthankutty and Souvik Roy

Q@

ot

Indira Gandhi Institute of Development Resear ch, Mumbai
June 2020

WP-2020-020



Strategy-Proof Rules On Partially Single-Peaked Domains

Author: Gopakumar Achuthankutty and Souvik Roy

Email(corresponding author): gopakumar.achuthankutty@igidr.ac.in

Abstract

We consider domains that exhibit single-peakedness only over a subset of linearly ordered set of
alternatives. We call such domains partially single-peaked and provide a characterization of the
unanimous and strategy-proof social choice functions on these domains. We obtain the following
interesting auxiliary results: (i) we characterize all unanimous and strategyproof social choice functions
on generalized top-connected domains, which are an important sub-class of the maximal single-peaked
domain, (ii) we show that strategy-proofness and group strategy-proofness are equivalent on partially
single-peaked domains, and (iii) lastly, we identify and characterize the unanimous and strategy-proof
CFs on partially single-peaked domains that are close to being anonymous. As an application of this
result, we obtain a characterization of the unanimous and strategy-proof social choice functions on
multi-peaked domains (Stiglitz (1974), Epple and Romano (1996a)), multiple single-peaked domains
(Reffgen (2015)) and single-peaked domains on graphs (Demange (1982), Schummer and Vohra
(2002)).

Keywords: D71, D82.

JEL Code: Partially single-peaked domain, strategy-proofness, group strategy-proofness, partly
dictatorial min-max rules.



STRATEGY-PROOF RULES ON PARTIALLY SINGLE-PEAKED DOMAINS™

Gopakumar Achuthankutty ! and Souvik Roy #?

Indira Gandhi Institute of Development Research, Mumbai

2Economic Research Unit, Indian Statistical Institute, Kolkata

June, 2020

Abstract

We consider domains that exhibit single-peakedness only over a subset of linearly ordered
set of alternatives. We call such domains partially single-peaked and provide a characterization
of the unanimous and strategy-proof social choice functions on these domains. We obtain
the following interesting auxiliary results: (i) we characterize all unanimous and strategy-
proof social choice functions on generalized top-connected domains, which are an important
sub-class of the maximal single-peaked domain, (ii) we show that strategy-proofness and
group strategy-proofness are equivalent on partially single-peaked domains, and (iii) lastly, we
identify and characterize the unanimous and strategy-proof SCFs on partially single-peaked
domains that are close to being anonymous. As an application of this result, we obtain a
characterization of the unanimous and strategy-proof social choice functions on multi-peaked
domains (Stiglitz (1974), Epple and Romano (1996a)), multiple single-peaked domains (Reffgen
(2015)) and single-peaked domains on graphs (Demange (1982), Schummer and Vohra (2002)).

KEYWORDS: Partially single-peaked domain, strategy-proofness, group strategy-proofness,
partly dictatorial min-max rules.

JEL CLASSIFICATION CODES: D71, D82.

*This paper is based on a chapter of Gopakumar’s Ph.D. dissertation submitted to the Indian Statistical Institute,
Kolkata in 2018. Gopakumar was supported by the Junior Research and Senior Research Fellowships at the Indian
Statistical Institute, Kolkata, and CDE-IEG Post-Doctoral fellowship as well as the Bill and Melinda Gates Post-
Doctoral fellowship at the Delhi School of Economics. The authors would like to thank an Associate Editor and two
anonymous referees for their insightful comments which significantly improved the results of this paper. Further,
we gratefully acknowledge Salvador Barbera, Somdatta Basak, Indraneel Dasgupta, Debasis Mishra, Manipushpak
Mitra, Hans Peters, Soumyarup Sadhukhan, Arunava Sen, and Ton Storcken for their invaluable suggestions which
helped improve this paper. The authors are thankful to the seminar audience of the 11" Annual Conference on
Economic Growth and Development (held at the Indian Statistical Institute, New Delhi during December 17-19,
2015), International Conclave on Foundations of Decision and Game Theory, 2016 (held at the Indira Gandhi Institute
of Development Research, Mumbai during March 14-19, 2016), the 13" Meeting of the Society for Social Choice and
Welfare (held at Lund, Sweden during June 28-July 1, 2016) and the 11" Annual Winter School of Economics, 2016
(held at the Delhi School of Economics, New Delhi during December 13-15, 2016) for their helpful comments. The
usual disclaimer holds.

fContact: gopakumar.achuthankutty@gmail.com, gopakumar@igidr.ac.in

tContact: souvik.2004@gmail.com



1. INTRODUCTION

1.1 BACKGROUND OF THE PROBLEM

This paper deals with the standard social choice problem where an alternative has to be chosen
based on privately known preferences of the individuals in a society. A procedure that maps a
collection of individual preferences to a social alternative is called a social choice function (SCF).
In such a framework, it is natural to assume that individuals may misreport their preferences
whenever it is strictly beneficial for them. An SCF is called (group strategy-proof) strategy-proof if
no individual (group of individuals) finds it beneficial to misreport her preferences and is called
unanimous if it always selects a unanimously agreed alternative whenever that exists.

Most of the subject matter of social choice theory concerns the study of the unanimous and
strategy-proof SCFs for different admissible domains of preferences. In the seminal works by
Gibbard (1973) and Satterthwaite (1975), it is shown that if a society has at least three alternatives
and there is no particular restriction on the preferences of the individuals, then every unanimous
and strategy-proof SCF is dictatorial, that is, a particular individual in the society determines
the outcome regardless of the preferences of the others. The celebrated Gibbard-Satterthwaite
theorem hinges crucially on the assumption that the admissible domain of each individual is
unrestricted. However, it is well established that in many economic and political applications,
there are natural restrictions on such domains. For instance, in the models of locating a firm in a
unidimensional spatial market (Hotelling (1929)), setting the rate of carbon dioxide emissions
(Black (1948)), setting the level of public expenditure (Romer and Rosenthal (1979)), and so on,
preferences admit a natural restriction widely known as single-peakedness. Roughly speaking, the
crucial property of a single-peaked preference is that there is a prior order over the alternatives
such that the preference decreases as one moves away (with respect to the prior order) from her
best alternative.

The study of single-peaked domains dates back to Black (1948), where it is shown that the
pairwise majority rule is strategy-proof on such domains. Moulin (1980) and Weymark (2011)
have characterized the unanimous and strategy-proof SCFs on such domains as min-max rules.'

Recently, Achuthankutty and Roy (2018) characterize the domains where the set of unanimous

!Barbera et al. (1993) and Ching (1997) provide equivalent presentations of this class of SCFs.

2A rich literature has developed around the single-peaked restriction by considering various generalizations and
extensions (see Barbera et al. (1993), Demange (1982), Schummer and Vohra (2002), Nehring and Puppe (2007a), and
Nehring and Puppe (2007b)).



and strategy-proof SCFs coincide with that of min-max rules.

1.2 OUR MOTIVATION

It is both experimentally and empirically established that in many political and economic scenarios
(Niemi and Wright (1987), Feld and Grofman (1988), and Pappi and Eckstein (1998)), where the
preferences of individuals are normally assumed to be single-peaked, they are actually not.
Nevertheless, such preferences have close resemblance with single-peakedness. In this paper, we
model such preferences as partially single-peaked. Roughly speaking, partial single-peakedness
requires the individual preferences to be single-peaked only over a subset of alternatives. It
is worth noting that the structure of the unanimous and (group strategy-proof) strategy-proof
rules on such domains are not explored in the literature. In view of this, our main motivation in
this paper is to develop a general model for partially single-peaked domains and to provide a
characterization of the unanimous and (group strategy-proof) strategy-proof rules on those. Below,
we present some evidences of partially single-peaked domains in the literature. In Section 4, we
will formally define these notions and show that they are special cases of partially single-peaked

domains.

1.2.1 MULTI-PEAKED DOMAINS

In many practical scenarios in economics and politics, the preferences of the individuals often
exhibit multi-peakedness as opposed to single-peakedness. As the name suggests, multi-peaked
preferences admit multiple ideal points in a unidimensional policy space. We discuss a few

settings where it is plausible to assume that individuals have multi-peaked preferences.

e Preference for ‘Do Something” in Politics: Davis et al. (1970) and Egan (2014) consider public
(decision) problems such as choosing alternate tax regimes, lowering health care costs,
responding to foreign competition, reducing the national debt, etc. They show that a public
problem is perceived to be poorly addressed by the status-quo policy, and consequently
some individuals prefer both liberal and conservative policies to the moderate status quo.
Clearly, such a preference will have two peaks, one on the left of the status quo and another

one on the right.

o Multi-stage Voting System: Denzau and Mackay (1981) and Enelow and Hinich (1983) deal

with multi-stage voting system where individuals vote on a set of issues where each issue

3



can be thought of as a unidimensional spectrum and voting is distributed over several
stages considering one issue at a time. In such a model, preference of an individual over the
present issue can be affected by her prediction of the outcome of the future issues. In other
words, such a preference is not separable across issues. They show that the preferences of

the individuals in such scenarios exhibit multi-peaked property.

Provision of Public Goods with Outside Options: Barzel (1973), Stiglitz (1974), and Bearse et al.
(2001) consider the problem of setting the level of tax rates to provide public funding in
the education sector, and Ireland (1990) and Epple and Romano (1996a) consider the same
problem in the health insurance market. They show that the preferences of individuals
exhibit multi-peaked property due to the presence of outside options (i.e., the public good
is also available in a competitive market as a private good). For instance, in the problem
of determining educational subsidy, an individual with lower income may not prefer a
moderate level of subsidy since she cannot afford to bear the remaining cost for higher
education. Thus, her preference in such a scenario will have two peaks - one at a lower level
of subsidy so that she can achieve primary education, and another one at a very high level

of subsidy so that she can afford the remaining cost for higher education.

Provision of Excludable Public Goods: Fernandez and Rogerson (1995) and Anderberg (1999)
consider public good provision models such as health insurance, educational subsidies,
pensions, etc. where the government provides the public good to a particular section of

individuals, and show that individuals” preferences in such scenarios are multi-peaked.

1.2.2 MULTIPLE SINGLE-PEAKED DOMAINS

Reffgen (2015) introduces the notion of multiple single-peaked domains. Such a domain is defined as

a union of some domains each of which is single-peaked with respect to some prior orderings

over the alternatives. A plausible justification for such a domain restriction is provided by Niemi

(1969) who argues that the alternatives can be ordered differently using different criteria (which

he calls an impartial culture) and it is not publicly known which individual uses what criterion.

On one extreme, such a domain becomes an unrestricted domain if there is no consensus among

the individuals on the prior order, and on the other extreme, it becomes a maximal single-peaked

domain if all the individuals agree on a single prior order.® It is worth noting that such domains

3A single-peaked domain is called maximal if it contains all single-peaked preferences.
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can be seen as a special case of partially single-peaked domains.

1.2.3 SINGLE-PEAKED DOMAINS ON GRAPHS

Demange (1982) and Schummer and Vohra (2002) consider domains that are based on some graph
structure over the alternatives (e.g., locating a new station in a rail-road network). They assume
that the individuals derive their preferences by using single-peakedness over some spanning tree
of the underlying graph. In this paper, we show that when the underlying graph has some specific

structure (involves a cycle or so), then the induced domains become partially single-peaked.

1.3 OUR CONTRIBUTION

In this paper, we develop a unified model for partially single-peaked domains that violate single-
peakedness over both finite and continuous set of alternatives.* Formally speaking, we assume
that the whole interval of alternatives is divided into subintervals such that every preference
in the domain is required to satisfy single-peakedness over each of those subintervals, and is
allowed to violate the property outside those. We characterize all unanimous and strategy-proof
SCFs on such domains as partly dictatorial min-max rules (PDMMR). Loosely put, a PDMMR acts
like a min-max rule over the subintervals where the domain respects single-peakedness and like
a dictatorial rule everywhere else.

We establish several important auxiliary results. First, we consider an important sub-class
of single-peaked domains, which we call generalized top-connected single peaked domain and
characterize the unanimous and strategy-proof SCFs on such domains as min-max rules (MMR).
Second, we show that notions of strategy-proofness and group strategy-proofness are equivalent
on partially single-peaked domains. Third, since PDMMRs are not anonymous, we consider SCFs
that deviate from anonymity in a minimal way and characterize unanimous and strategy-proof

SCFs that satisfy this property on partially single-peaked domains.

1.4 RELATION WITH REFFGEN (2015)

In this section, we compare our results with those of Reffgen (2015). Reffgen (2015) provides a

characterization of the unanimous and strategy-proof SCFs on multiple single-peaked domains.

4Qur results extend to the case where the set of alternatives is any subset of IR, however, for notational simplicity
we consider only finite and continuous set of alternatives.



We think our results significantly improve that in Reffgen (2015) from both practical and theoretical

point of views.

1.4.1 PRACTICAL POINT OF VIEW

e Reffgen (2015) has considered multiple single-peaked domains with respect to multiple prior
orders over the alternatives. His model requires the designer to have complete information
about the prior orders that the agents might use. This assumption is not very practical if
the set of alternatives is a continuous set. On the other hand, only one prior order and an
interval over which a preference might violate single-peakedness are enough to use our
result. Let us illustrate the usefulness of our result by means of the following example.
Consider the situation where the locations x1, ..., x1g are arranged on a street. Suppose
further that there is a direct route from x4 to xg. This means that a preference with x4 at the
top may have xg as its second ranked alternative, and that with xg at the top may have x4
as second ranked alternative. However, it is not possible for the designer to assume any
ordering with respect to which such a preference will be single-peaked (particularly, over
the alternatives x5, xg, and x7). Thus, such domains violate the basic principle of multiple
single-peaked domains which assumes that every agent derives his/her preference with

respect to some prior ordering assumed over the alternatives.

e Multiple single-peaked domains require each single-peaked domain to be maximal. Such

a single-peaked domain requires 2" !

preferences, where m is the number of alternatives.
This is a strong requirement since many domains of practical importance such as Euclidean
etc. do not satisfy this condition. In contrast, our result applies to multiple single-peaked
domains that require each single-peaked domain to be only top-connected. It is worth
noting that the number of preferences in such single-peaked domain can range from 2m — 2

to 21 This significantly improves the applicability of multiple single-peaked domains.

1.4.2 THEORETICAL POINT OF VIEW

e We generalize the result in Reffgen (2015) for multiple single-peaked domains having

(suitable) weak preferences and over continuous set of alternatives.

e In general, a major step in characterizing the unanimous and strategy-proof SCFs on a

domain is to show that the domain is tops-only. In case of multiple single-peaked domains,
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tops-onlyness follows from Chatterji and Sen (2011). However, the same does not follow for

partial single-peaked domains.

o It follows from Barbera et al. (2010) that every unanimous and strategy-proof SCF on
multiple single-peaked domain is group strategy-proof. However, the same does not hold

for partially single-peaked domains. We establish this independently in this paper.

1.5 OTHER RELATED PAPERS

Chatterji et al. (2013) study a related restricted domain known as a semi-single-peaked domain.
Such a domain violates single-peakedness around the tails of the prior order. They show that if a
domain admits an anonymous (and hence non-dictatorial), tops-only, unanimous, and strategy-
proof SCF, then it is a semi-single-peaked domain. However, we show that if single-peakedness
is violated around the middle of the prior order, then there is no unanimous, strategy-proof,
and anonymous SCFE. Thus, our characterization result on partially single-peaked domains
complements that in Chatterji et al. (2013). Recently, Arribillaga and Mass6 (2016) provide
necessary and sufficient conditions for the comparability of two min-max rules in terms of
their vulnerability to manipulation. However, our results identify the min-max rules that are
manipulable if single-peakedness is violated over a subset of alternatives.

Our characterization result on generalized top-connected single-peaked domains contributes to
the large literature studying unanimous and strategy-proof SCFs on single-peaked domains over
continuous set of alternatives like Moulin (1980), Border and Jordan (1983), Barbera et al. (1993),
Ehlers et al. (2002), Dutta et al. (2007), Mass6 and De Barreda (2011) and Weymark (2011) among
others. In particular, Mass6 and De Barreda (2011) consider domain of symmetric single-peaked
preferences. A single-peaked preference is called symmetric if an alternative is strictly preferred
to another one if and only if the former is strictly closer to the top-ranked alternative. In other
words, this means that if an indifference class contains two alternatives then both are located in
the opposite sides of the top-ranked alternative and are at equidistant from the it. Massé and
De Barreda (2011) show that such domains allow min-max rules with discontinuity jumps as
strategy-proof and tops-only SCFs and hence, these form a strictly larger class of SCFs than the

set of min-max rules.’

°An SCF is called tops-only if it is insensitive to changes outside the top-ranked alternatives of a preference profile.
See Section 2.3 for a formal definition.



1.6 REMAINDER

The rest of the paper is organized as follows. We describe the usual social choice framework in
Section 2. In Section 3, we presents our main results. Section 4 provides a few applications of our
results, and the last section concludes the paper. All the omitted proofs are collected in Appendix

B.

2. PRELIMINARIES

Let N = {1,...,n} be a set of at least two agents and X be a set of (finite or infinite) alternatives
with at least three alternatives. When X is finite, we assume it to be the set {a,a+1,...,b —1,b},
and when it is infinite, we assume it to be the interval [a, b], for some real numbers a and b.° For
x,y € X with x <y, we define the intervals [x,y] = {z € X | x <z <y}, [x,y) = [x,y] \ {v},
(x,y] = [x,y] \ {x}, and (x,y) = [x,y] \ {x,y}. Let A(X) = 1if X is finite and A(X) = 0 if
X is infinite/continuous. In other words, A(X) denotes the infimum distance between two
alternatives in X. Throughout this paper, we assume that a number 6 with A(X) <6 <b—a
and two alternatives x and x with x < x — ¢ are arbitrary but fixed. For notational convenience,
whenever it is clear from the context, we do not use braces for singleton sets, i.e., we denote sets
{i} by i.

A (weak) preference R over X is a complete and transitive binary relation (also called a weak
order) defined on X. We denote the set of all preferences over X by W(X). For a preference
R, we denote its asymmetric part by P, that is, xPy implies [xRy and not yRx]. In this paper,
we only consider preferences R for which there is a unique first-ranked alternative R(1) such
that R(1)Py for all y € X \ R(1). Furthermore, when X is finite, we assume that R has a unique
second-ranked alternative R(2) such that R(2)Py for all y € X\ {R(1),R(2)}.” A domain of
admissible preferences, denoted by D, is a subset of W(X). An element Ry = (Ry,...,R,) € D"
is called a preference profile. For notational convenience, for a preference R sometimes we write

R = xy - - - to mean that the first-ranked alternative of R is x and the second-ranked one is y.

®Our results will also hold with suitable modification for the case when X is any subset of IR; here we make this
additional assumption in the interest of expositional simplicity.
7If X is infinite, then such a second-ranked alternative may or may not exist for R.



2.1 DOMAINS AND THEIR PROPERTIES

A domain D of preferences is regular if for all x € X, there exists a preference R € D such that

R(1) = x. All the domains we consider in this paper are assumed to be regular.

Definition 2.1. A domain D satisfies generalized top-connectedness if for all x,y,z € X withy —J <
x <y < z < y+46, there are two preferences R, R’ € S such that (i) R(1) = R'(1) = y and (ii)

xPz and zP'x .8

Note that when X is finite and 6 = A(X)(= 1), generalized top-connectedness is equivalent to
requiring that for all x,y € X with |x —y| =1, thereis R € DsuchthatR =xy - - -.

A preference is single-peaked if whenever one moves away from its top-ranked alternative in
any direction, preference declines strictly. Note that two alternatives on the different sides of the
top-ranked alternative might be indifferent according to a (weak) single-peaked preference. We
define single-peaked preferences and domains with respect to the natural ordering < over RR, the

same can be defined with respect to arbitrary linear order < in a similar fashion.

Definition 2.2. A preference R € W(X) is single-peaked if forall x,y € X, [x <y < R(1) or R(1) <
y < x| implies yPx.

A domain S is called a single-peaked domain if each preference in it is single-peaked. We write S
to denote a single-peaked domain with respect to the integer ordering over X. A domain is called

generalized top-connected single-peaked if it is both generalized top-connected and single-peaked.

2.2 PARTIALLY SINGLE-PEAKED DOMAINS

In this section, we introduce a class of domains that violates single-peaked property over the
interval [x, ] and exhibits the property everywhere else. We call such domains partially single-
peaked domains. We present these domains with respect to the natural ordering < over RR, the

same can be defined with respect to arbitrary linear order < in a similar fashion.

Definition 2.3. A domain S satisfies single-peakedness outside [x,x] if forallR € S,all u ¢ (x,%),
and allv € X,
[v <u <R(1)orR(1) <u < v| implies uPov.

8The term top-connectedness is well-known in the literature for the special case where X is finite and J = 1. Since
we generalize this notion for arbitrary (finite or infinite) X and J, we call it generalized top-connectedness.



To gain more insight about Definition 2.3, first consider a preference with top-ranked alternative
in [x,X]. Then, Definition 2.3 says that such a preference satisfies single-peakedness over the
intervals [a, x] and [, b]. That is, the relative ordering of two alternatives u, v is derived by using
single-peaked property whenever both of them are either in the interval [4, x| or in the interval
[x,b]. Note that Definition 2.3 does not impose any restriction on the relative ordering of an
alternative in [x, X] and any other alternative. Next, consider a preference R such that R(1) ¢ [x, x].
Suppose, for instance, R(1) € [a, x). Then, Definition 2.3 says that R satisfies single-peakedness
over the interval [a, R(1)]. It further says that if an alternative u lies in the interval (R(1), x] or in
the interval [¥, b], then, as required by single-peakedness, it is preferred to any alternative v in
the interval (u, b]. Thus, Definition 2.3 does not impose any restriction on the relative ordering
of an alternative in (x, X) and an alternative in [X, b]. Therefore, in particular, Definition 2.3 does
not impose any restriction on any preference on the relative ordering of two alternatives in the
interval (x, x).

Definition 2.4. A domain & violates single-peakedness over [x,X] if there exist R = xy--- ,R' =

%z - - € S such that either [y € (x+6,%) andz € (x,¥ — §)] or [y = X¥and z = x].

First note when § = A(X), no domain can violate single-peakedness over [x, X]. Second note
that since R(1) + 6 < R(2) < xand x < R'(2) < R'(1) — &, both the preferences R and R’ violate
single-peakedness over the interval [x, X].

REMARK 2.1. Definition 2.4 introduces the concept of violation of single-peakedness over an
interval. One may think of domains that violate single-peakedness over several disjoint intervals,
say [Z ¥ vl [Z o Yol oo, [zk, V,]. However, in such cases, according to Definition 2.4, the domain
violates single-peakedness over the interval [y 1,yk]. Thus, our notion of violation of single-
peakedness over an interval captures violation of the same over several disjoint intervals as

well.

Definition 2.5. A domain S is called [x, X]-partially single-peaked if
(i) it satisfies single-peakedness outside [x, X| and violates it over [x, X|, and
(ii) it contains a generalized top-connected single-peaked domain.

Note that when § = A(X), (i) in Definition 2.5 reduces to requiring single-peakedness over
the whole set of alternatives. In other words, every single-peaked domain is [x, X]-partially

single-peaked when J satisfies the mentioned condition.
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We illustrate the notion of partially single-peaked domains in Figure 1. Figure 1(a) and
Figure 1(b) present partially single-peaked preferences P with R(1) € [x,X] and R(1) € [a,x),
respectively. Figure 1(c) presents partially single-peaked preferences R = xy--- and R’ = xz - - -
wheny € (x+1,%) and z € (x,X — 1), and Figure 1(d) presents those when y = ¥ and z = x.
Note that, as explained before, all these preferences are single-peaked over the intervals g, x]|
and [x, b]. Furthermore, for the preference depicted in Figure 1(a), there is no restriction on the
ranking of the alternatives in the interval (x,¥), and for the one shown in Figure 1(b), there is no
restriction on the ranking of the alternatives in the interval (x, X) except that x is preferred to all
the alternatives in (x, b]. Also, for the preferences in Figures 1(c) and 1(d), there is no restriction

on the ranking of the alternatives in (x, X) other than that on the second-ranked alternatives.

x x

x b

(a) Partially single-peaked preference R with R(1) € [x,X] (b) Partially single-peaked preference R with R(1) € [4, x)

a R(1)=x R2) =y * b a

I=
=
B
Il
N
=]
=
Il
=l
=

(c) Partially single-peaked preferences R, R’ withx + 1 < R(2) < xandx < R'(2) <x—1

Wi Y

° ! °

a R(1)=x R(2) = R (2 R(1)=x b

(d) Partially single-peaked preferences R, R’ with R(2) = ¥and R'(2) = x

Figure 1: Partially single-peaked preferences

In what follows, we present an example of a partially single-peaked domain when the set of

alternatives X is finite.
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Example 2.1. Let X = {x1,x2,x3, x4, X5, X, X7, X3}, Where x1 < x3 < x3 < x4 < x5 < Xg <
x7 < xg. Consider the domain of preferences in the Table 1. Here, for instance, we write
Rg = [x5][xe][xa][x3, x7][x2, x8][x1] to mean x5PyxePox4Pox3lox7PoxslgxgPoxy.

The domain in the Table 1 is a [x3, x¢|-partially single-peaked domain. To see this, first
consider a preference with top-ranked alternative in the interval [x3, x4], say Rjp. Note that
x3P19x2 P1ox1 and xgPjgxyPioxs, which means Ry is single-peaked over the intervals [x1, x3] and
[x6, xg]. Moreover, the position of x4 is completely unrestricted (here at the bottom) in Ryo. Next,
consider a preference with top-ranked alternative in the interval [x1, x3], say Ry. Once again,
note that R; is single-peaked over the intervals [x1, x3] and [x, x7]. Thus, the domain in Table 1
satisfies single-peakedness outside the interval [x3, x5]. Now, consider the preferences R and R’
Since R(1) = x3, R(2) = x3, R'(1) = x4, and R'(2) = x4, this domain violates single-peakedness
over [x3, x¢|. Finally, note that the domain contains a generalized top-connected single-peaked

domain given by Rl, Rz, Rg, R4, R5, R6, R7, Rg, Rll/ Rer R13, and R14.

Ri Ry R3 Ry Rs Re R7;  Rs Ro Ryg Rinu Ryp Rz Ry Rs R R’

(1] [xa] [x2] [xa]  [xs]  [xa]  [xa]  [xs]  [xs]  [xs]  [xe] [xe] [x7]  [x7] [xs] [x3] [
(2] [x1] [xa] [x2] [xa]  [xs] [xs]  [xa]  [xe]  [xe]  [xs] [x7] [xe] [xs] [x7] [xs]  [x4]
[xa] [xa] [x1] [xa]  [x] xs| [x3] [x3]  [xa]  [xaxs]  [x7]  [xs] [xs] [xe] [we] [x2] = [x3]
(xa] [xa] [xa] [xs] [xaxs] [xoxe] [x2] [xe] [x3x7] [xoxs] [waxs] [xs] [xa] [xs] [xs] [xa]  [x3]
[xs] [xs] [xs] [xe] [xe]  [x7] [xe] [x7] [xoxs] [x1]  [x3] [xa] [xa] [xa] [xa] [x1] [x7]
(xe] [x6] [x¢] [x1] [x7]  [x1] [x7] [xaxs] [xa1]  [xa]  [x2] [x3] [x2] [x3] [x3] [xe] [xoxs]
[x7] [x7] [x7] [x7]  [ws]  [xs]  [xa]  [x] [x1]  [x2] [xsx1] [x2] [x2] [x7]  [xd]
[xs] [xs] [xs] [xs] [xs] [x1] [x1] [x1] [xg]

Table 1: A partially single-peaked domain

2.3 SOCIAL CHOICE FUNCTIONS AND THEIR PROPERTIES

In this section, we introduce the notion of social choice functions and discuss their properties. A
social choice function (SCF) f on D" is a mapping f : D" — X. AnSCF f : D" — X is unanimous if
for all Py € D" such that r{(P;) = x foralli € N and some x € X, we have f(Py) = x.

Definition 2.6. An SCF f : D" — X is manipulable if there exists i € N, Ry € D", and R;- €D
such that f(R;, Rpp\i)Pif (Rn)- An SCF f is strategy-proof if it is not manipulable.

An SCF f : D" — X is called dictatorial if there exists d € N such that for all Ry € D",
f(Rn) = Ry(1). A domain D is called dictatorial if every unanimous and strategy-proof SCF
f: D" — X is dictatorial.
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A pair of preference profiles Ry, Ry € D" is called tops-equivalent if R;(1) = R}(1) for all agents
i€ N. AnSCF f : D" — X is called tops-only if f(Ry) = f(R)y) for all tops-equivalent preference
profiles Ry, Ry, € D". A domain D is called tops-only if every unanimous and strategy-proof SCF
f: D" — X is tops-only.

Definition 2.7. An SCF f : D" — X is called uncompromising if for all Ry € D", alli € N, and all
R € D:

(i) if Ri(1) < f(Ry) and R; < f(Ry), then f(Ry) = f(R}, Ry\;), and
(11) if f(RN) < Rl(l) and f(RN) < R:(l), then f(RN) = f(R;, RN\z)

In words, uncompromisingness means that as long as the first-ranked alternative of an agent

does not change its ‘side” with respect to the outcome, the outcome cannot change.
REMARK 2.2. If an SCF satisfies uncompromisingness, then by definition, it is tops-only.

Next, we define the notion of min-max rules. These are introduced in Moulin (1980).

Definition 2.8. Let B = (Bs)scn be a list of 2" parameters satisfying: (i) fs € X forall S C N, (ii)
Bo =b, By = a, and (iii) for any S C T, B < Bs. Then, an SCF ff : D" — X is called a min-max
rule with respect to B if

fP(Rn) = min{max{R;(1), Bs}}

REMARK 2.3. Every min-max rule is uncompromising.

Now, we define the notion of partly dictatorial min-max rules. These rules play a crucial role in
our characterization results. In words, these rules are a subclass of min-max rules where certain

parameters are restricted in a particular manner.

Definition 2.9. A min-max rule ff : D" — X with parameters 8 = (Bs)scn is a partly dictatorial
min-max rule with respect to [x, ¥ ([x, X]-PDMMR) if § > min(X) implies there exists a unique

agent d € N, called the partial dictator of fP, such that B; € [a, x] and Bnva € [X,1].

Note that when § = A(X) then Definition 2.9 does not impose any restriction on a min-max
rule. Therefore, every min-max rule is a [x, X]-PDMMR rule. A few examples of PDMMRs are in

order to help understand the notion better.
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Example 2.2. Any dictatorial rule is an [x, X]-PDMMR for any choice of x and ¥. For instance,
consider the dictatorial rule with agent 1 as the dictator. One can verify that this rule can be
written as an MMR fP such that for all non-empty S C N, Bs = aif 1 € S and Bs = b otherwise.
Since B; = a < xand By = b > X, fPis a [x, X]-PDMMR.

Example 2.3. Fix an agent d € N and consider a min-max rule ff such that for all non-empty
S C N,Bs = xifd € Sand Bs = x otherwise. In particular, this implies that §; = x and
B\ (ay = X. Therefore, f P is a PDMMR with agent d as the partial dictator. However, note that
the agent d is not a dictator of P if x # a or X # b. This is because a quick inspection tells us that
fP(Ry) = x where Ry(1) = aand R;(1) = b for all i # d, and fP(R};) = X where R4(1) = b and
R;(1) = afor alli # d. In Section 3.3, we study these PDMMRs in more detail.

Example 2.4. Let X = {x1, X2, x3, X4, x5}, where x1 < xp < x3 < x4 < x5. Consider the following

domain D:

D = {[x1][x2][x3] [xa][x5], [x2] [x1] [x3] [xa] [x5], [x2][x3] [xa][x5] [x1], [x2] [xa][x1][x3][x5],
[x3] [xa] [x4] [x1x5], [x3] [xa] [x2] [x1x5], [xa] [x3][x5][x2] [x1], [x4][x5] [x3] [x2] [x1],

[x5] [xa] [x3] [x2] [x1], [x5][x3] [xa] [x2] [x1] }-

It can be verified that D is an [xp, x5]-partially single-peaked domain. In Table 2, we present an
[x2, x5]-PDMMR, where agent 1 is the partial dictator. To see this, observe that whenever agent
1’s top-ranked alternative is in [xp, x5] then he is a dictator, i.e., the outcome is his top-ranked
alternative, and whenever agent 1’s top-ranked alternative is x1, then the outcome of the social

choice function is either x; or x;.

Ry ke [xa] (o [xa] [eal ] | o] [xa] [ea] [xa] [xs] | [a][xa] [xa] [xs] [xa] | [xa][ea] [xa) ] 5] | [xa][oeal [xa] [xas] | a] fxa] [xa][xs] | [a][xa][es] [xa] [xa] | [xa][xs] [xa] [x] [xa] | [xs][xa] [xa] [xa] [xa] | [ies] [ea] ] (2] [a]
x1][x2] [x3] [x4] [x5 X1 X X X X X X X X X
X [x1][x3] [x4][x5 X X X X X X X X X X
Xo[x3][x4] [x5][x1 X X X X X X X X X X
xo][x4][x1][x3][x5 X X X X X X X X X X

[xa][xa] [x2][x1 x5] X3 X3 X3 X3 X3 X3 X3 X3 X3 X3
x4 [x3] [x5][x2] [x1 Xy X4 Xy Xy Xy Xy Xy Xy Xy Xy
x4][xs5][x3] [x2] [x1 Xy Xy Xy X4 X4 Xy Xy Xy X4 X4
x5 [x4] [x3] [x2][x1 X5 X5 X5 X5 X5 X5 X5 X5 X5 X5
xs] [xa] [x4] [x2][x1 X5 X5 X5 X5 X5 X5 X5 X5 X5 X5

Table 2: An [xp, x5]-PDMMR

In Lemma 2.1, we explain why the particular agent d is called the partial dictator of f¥.

Lemma 2.1. Let ff : D" — X bea [x, X]-PDMMR. Suppose agent d is the partial dictator of fP. Then,
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(i) fﬁ(RN) € [a,x] if Ry(1) € [a,x),
(i) fP(Ry) € [%,b] if Ry(1) € (%, b], and
(iii) fP(Rn) = Ra(1) if Rg(1) € [x,%].

Proof. First, we prove (i). The proof of (ii) can be established using symmetric arguments. As-
sume for contradiction that Ry(1) € [a,x) and fP(Ry) > x. Since fF is a min-max rule, fF is
uncompromising. Therefore, ff (R, Rya) = f F(Ry), where R)(1) = a. Again since fF is a
min-max rule, we have ff(R}) > fP(Ry), where Ri(1) = b for all i # d. Because ff(Ry) > x,
this means ff(R};) > x. However, by the definition of f#, ff(R};) = B. Since B € [a, x], thisis a
contradiction. This completes the proof of (i).

Now, we prove (iii). Without loss of generality, assume for contradiction that R;(1) € [x,X] and
fP(Ry) > Ry(1). Consider R/, such that R)(1) € [a, x). By uncompromisingness, fﬁ(Ré,RN\d) =
fP(Ry) > Ry(1) > x, which contradicts (i). This completes the proof of (iii). [

REMARK 2.4. Reffgen (2015) defines partly dictatorial generalized median voter scheme (PDGMVS) on
multiple single-peaked domains. It can be shown that an [x, X]-PDMMR coincides with PDGMVS
on those domains where [4,x), [x,X], and (X, b] are the left, middle, and right components,

respectively, of the maximal common decomposition (as defined in Reffgen (2015)) of the domain.”

3. RESULTS

In this section, we start by presenting two central results of our paper (Theorems 3.1 and 3.2)
followed by a few important auxiliary results in the subsequent sections. The following theorem
characterizes all unanimous and strategy-proof SCFs on generalized top-connected single-peaked

domains as min-max rules.

Theorem 3.1. Let S be a generalized top-connected single-peaked domain. An SCF f : 8" — X'is

unanimous and strategy-proof if and only if it is a min-max rule.

The proof of this theorem is relegated to Appendix A. It is worth mentioning that Theorem
3.1 is of independent interest as it generalizes a result in Achuthankutty and Roy (2018) for
continuous set of alternatives. The next theorem characterizes all unanimous and strategy-proof

SCFs on partially single-peaked domains as partly dictatorial min-max rules.

For details, see the proof of Theorem 1 (Steps 1-3) in Reffgen (2015).
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Theorem 3.2. Let S be a [x, X|-partially single-peaked domain. Then, an SCF f : 8" — X is unanimous
and strateqy-proof if and only if it is a [x, X]-PDMMR.

The proof of this theorem is relegated to Appendix 3.2. Our next corollary is a consequence
of Lemma 2.1 and Theorem 3.2. It characterizes a class of dictatorial domains, and thereby it
generalizes the celebrated Gibbard-Satterthwaite (Gibbard (1973), Satterthwaite (1975)) results.
Note that our dictatorial result is independent of those in Aswal et al. (2003), Sato (2010), Pramanik
(2015), and so on.

Corollary 3.1. Every [a, b]-partially single-peaked domain is dictatorial.

REMARK 3.1. An important implication of Corollary 3.1 is that single-peaked domains, despite
admitting a large class of unanimous and strategy-proof SCFs, are not very robust for the existence
of such SCFs. In fact, addition of just two particular non single-peaked preferences to a single-

peaked domain makes it a dictatorial domain.

3.1 GROUP STRATEGY-PROOFNESS

In this section, we consider group strategy-proofness and obtain a characterization of unanimous
and group strategy-proof SCFs on partially single-peaked domains. We begin with the definition

of group strategy-proofness.

Definition 3.1. An SCF f : D" — X is called group manipulable if there is a preference profile Ry,
a non-empty coalition C C N, and a preference profile Ri- € DICl of the agents in C such that
f(Re, Ryvc)Pif(Ry) foralli € C. AnSCF f : D" — X is called group strategy-proof if it is not

group manipulable.

Theorem 3.3. Every [x,X|-PDMMR is group strategy-proof on a [x, X|-partially single-peaked domain.

3.2 A RESULT ON PARTIAL NECESSITY

Our main result focuses on partially single-peaked domains and have shown that every unan-
imous and strategy-proof SCF on those is a [x, X]-PDMMR. In this subsection, we look at the
converse of this problem, that is, we focus on [x, ¥]-PDMMR and investigate the class of do-
mains where these rules are unanimous and strategy-proof. We provide a necessary condition of

domains that satisfy this property. A formal definition is as follows.
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Definition 3.2. A domain D is called a [x, X]-PDMMR domain with respect to if

(i) every unanimous and strategy-proof SCF on D" is a [x, X]-PDMMR, and

(ii) every [x,x]-PDMMR on D" is strategy-proof.

By Theorem 3.2, every [x, X|-partially single-peaked domain is a [x, X]-PDMMR domain. In

what follows, we show that every [x, X]-PDMMR domain must satisfy single-peakedness outside
[x, x].

Lemma 3.1. Let D be a [x, X]-PDMMR domain. Then D satisfies single-peakedness outside [x, X|.

3.3 A CONSIDERATION FOR ANONYMITY

One crucial fact about partially single-peaked domains is that, they, for any deviation from single-
peaked domains, do not permit anonymous social choice functions that are also unanimous and
strategy-proof. Since anonymity is an important fairness property for a social choice function,
in this section we proceed to investigate which unanimous and strategy-proof SCFs are “most
anonymous” in a suitable sense.

For a profile Ry and a permutation 7t of N, we denote by R}, the permuted profile defined
as (Ry(j))ien- Note that if an SCF f is anonymous then f(Ry) = f(RY) for all permutations 7
of N. Therefore, to measure the deviation of an SCF from anonymity, we see to what extent the
outcomes of an SCF can vary over different permutations of a profile. The deviation of an SCF f
from anonymity at a profile Ry is defined as A(f, Ry) = max{f(RY) | = € I[1} — min{f(RY) |
7t € IT}. An SCF f is most anonymous at a profile Ry if A(f, Ry) < A(g, Ry) for all SCFs g, and
it is called most anonymous if it is so at every Ry € S".

Note that our definition of a most anonymous rule is quite demanding as it requires an SCF to
be so at every preference profile. It is quite possible that there is no such SCF that outperforms
every other SCF at every profile. However, as our next theorem says, a most anonymous rule
does exist on a partially single-peaked domain. For such a rule, each (non-trivial) parameter

value fs is either x or X depending on whether d is contained in S or not.

Theorem 3.4. Let S be a [x, X]-partially single-peaked domain. A unanimous and strategy-proof SCF
fP: 8" — X is most anonymous if and only if it is a [x, X]-PDMMR such that for all non-empty S C N,
Bs = xifd € S, and Bs = X otherwise, where d is the partial dictator of f.

The proof of Theorem 3.4 is relegated to Appendix D.
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4. APPLICATIONS

In this section, we present three applications of our main result.

4.1 MULTI-PEAKED DOMAINS

In Section 1, we have discussed the importance of multi-peaked domains in modeling preferences
of individuals in certain economic and political scenarios. In this subsection, we formally define

this notion and show that these are special cases of partially single-peaked domains.

Definition 4.1. A preference P is called multi-peaked if there are dy, p1,d1, p2,d2, ..., dxk—1, Pr, di
witha =dy < p; <dy <--- < pp < dyp =bsuchthatforalli=0,...,k—1landallx,y € [d;, d;.1],
[x <y < piyq or pip1 <y < x]implies yPx. For such a preference P the alternatives py, ..., px

are called its peaks.

We present a multi-peaked domain in Figure 2.

P1 dq P2 d, P3 ds P4 dy P5 ds Pe dg

Figure 2: A multi-peaked preference

Definition 4.2. Let c; and ¢, be two alternatives such that ¢; < ¢, — 4. A domain D is called
multi-peaked with critical values cy, c; if it is the union of a top-connected single-peaked domain

and the collection of all multi-peaked preferences having peaks in the interval [c1, ¢3].

It is easy to verify that a multi-peaked domain with critical values x and X is a [x, X]-partially

single-peaked domain. Thus, we have the following corollary.

Corollary 4.1. Let S be a multi-peaked domain with critical values x and X. Then, an SCF f : 8" — X
is unanimous and (group strategy-proof) strategy-proof if and only if it is a [x, X]-PDMMR.
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4.2 MULTIPLE SINGLE-PEAKED DOMAIN

In this subsection, we assume that X is finite and restrict our attention to strict preferences. We
consider a well-known class of multiple single-peaked domains and show that they are special

cases of partially single-peaked domains.

Definition 4.3. Let £ = {<,..., <4}, where <;€ L(X) forall 1 < k < g, be a set of g prior
orders over X. Then, a domain is called a multiple single-peaked domain with respect to L, denoted by

S, ifSp = |J S« where S, is the domain of all single-peaked preferences with respect to

ked{l,...q}
the prior order <. A multiple single-peaked domain with respect to £ is called trivial if S5 = S_;

forall <, <'e L.

For ease of presentation, for any multiple single-peaked domain with respect to £, we assume

without loss of generality that the integer ordering < is in the set L.

Definition 4.4. Let S, be a non-trivial multiple single-peaked domain with respect to a set of

prior orders L. Then, alternatives u,v € X with u < v — 1 are called break-points of S if

(i) for all preferences P € Spand all¢,d € X\ (1,v), [d <c¢ < P(1) or P(1) < ¢ < d] implies
cPd, and

(ii) thereexist P, P’ € Sy suchthat P(1) =u, P(2) € (u+1,v], P’(1) = v,and P'(2) € [u,v—1).

REMARK 4.1. The break points, say u, v, of a non-trivial multiple single-peaked domain S induce
the partition { Xy, Xp, Xr} of X, where X; = [a,u), Xy = [u,v], and Xg = (v, b]. Reffgen (2015)
calls such a partition the maximal common decomposition of X and the sets X1, X, and Xy as the

left component, the middle component, and the right component of alternatives, respectively.

In the following, we illustrate the notion of break-points of a non-trivial multiple single-peaked

domain by means of an example.

Example 4.1. Let X = {x1, x2, X3, X4, X5, X6, X7 } be the set of alternatives. Consider the set of prior
orders £ = {<, <1, <2, <3}, where <= x1X2X3X4X5X¢X7, <1= X1X2X3X5X4XeX7, <2= X1X2X5X4X3X¢
x7, and <3= x1X2X4x3X5X6x7. Let Sy be the multiple single-peaked domain with respect to L.
Clearly, S¢ is non-trivial since 541 #+ 5}2. We claim u = x; and v = x4 are the break points
of Sp. It is easy to verify that S, satisfies Condition (i) in Definition 4.4. For Condition (ii),
note that we have preferences P, P’ € S~, C S, where P(1) = x5, P(2) = x5, P'(1) = x¢, and
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P’(2) = x3. Further, note that the maximal common decomposition of X is given by X; = {x;},

Xp = {x2,x3, x4, x5, %6}, and Xg = {x7}.

It can be easily verified that every non-trivial multiple single-peaked domain with break points

x and X is a [x, X]-partially single-peaked domain for § = 1. Thus, we have the following corollary.

Corollary 4.2 (Reffgen (2015)). Let Sy be a non-trivial multiple single-peaked domain with break-points
x and X. Then, an SCF f : S} — X is unanimous and (group strategy-proof) strategy-proof if and only if
it is a [x, X]-PDMMR.

4.3 SINGLE-PEAKED DOMAINS ON GRAPHS

In this subsection, we assume that X is finite and introduce the notion of single-peaked domains
on graphs. We show that such a domain is partially single-peaked if the underlying graph satisties
some condition.!” All the graphs we consider in this subsection are undirected.

A path in an undirected graph G = (X, E) from a node x to a node y, denoted by 7 (x,vy), is
defined as a sequence of distinct nodes (x, ..., x;) such that {x;, x;.1} € Eforalli=1,...,k—
1.1 An undirected graph G = (X, E) is called connected if for all x,y € X, there is a path from x to
y. An undirected graph G = (X, E) is called a tree if for every two distinct nodes x,y € X, there
is a unique path from x to y. A spanning tree of an undirected connected graph G is defined as
a connected subgraph of G that is a tree. For an undirected connected graph G, we denote by

7 the set of all spanning trees of G. Let T = (X, E) be a tree. Then, a domain is called maximal

single-peaked with respect to T, denoted by S, if for all R € St and all distinct x,y € X,
[x € mr(R(1),y)] = [xPy].

Definition 4.5. Let G = (X, E) be an undirected connected graph. Then, a domain is called
single-peaked with respect to G, denoted by Sg, if Sg = Ure7.ST.

Note that if T is the undirected line graph on X, then St is the maximal single-peaked domain.
In Lemma 4.1, we show that if a domain is single-peaked with respect to an undirected partial line
graph with respect to x and X as defined in Definition E.2, then it is an [x, X]-partially single-peaked

domain with é = 1.

10 A1l the related graph theoretic notions are introduced in Appendix E.
Note that a path is self-avoiding by definition.

20



Lemma 4.1. Let G be an undirected partial line graph with respect to x and X. Then, Sg is an [x, X|-

partially single-peaked domain with § = 1.2

Combining Theorem 3.2 and Theorem 3.3 with Lemma 4.1, we obtain the following characteri-
zation of the unanimous and strategy-proof SCFs on a single-peaked domain with respect to an

undirected partial line graph.

Corollary 4.3. Let G = (X, E) be an undirected partial line graph with respect to x and x. Suppose Sg is
the single-peaked domain with respect to G. Then, an SCF f : S¢ — X is unanimous and strategy-proof
(or group strategy-proof) if and only if it is a [x, X]-PDMMR.

5. CONCLUSION

In this paper, we have considered non-single-peaked domains that arise in the literature of
economics and political science. We have modeled them as partially single-peaked domains and
have characterized all unanimous and (group strategy-proof) strategy-proof rules on those as
PDMMRs.

PDMMRs are special cases of min-max rules and thereby well-studied for welfare concerns
Gershkov et al. (2017). We have provided a necessary condition on a domain to ensure that every
unanimous and strategy-proof SCF on it is PDMMR, and partial single-peakedness itself is a
sufficient condition for the same. However, given the importance of min-max rules (and hence,
PDMMRSs), it is an important problem to find more general sufficient condition. We leave it for

future research.

APPENDIX A. PROOF OF THEOREM 3.1

(If part) Note that a min-max rule is unanimous by definition (on any domain). We show that
such a rule is strategy-proof on S". For all i € N, let S be the set of all single-peaked preferences.
By Weymark (2011), a min-max rule is strategy-proof on §". Since S C S, a min-max rule must
be strategy-proof on S". This completes the proof of the if part.

(Only-if part) Let S be a generalized top-connected single-peaked domain and let f : " — X

be unanimous and strategy-proof. We complete the proof by means of the following lemmas.

2The proof of this lemma is rather straightforward and is left to the reader.
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For any non-empty T C N and a preference profile Ry, we define R™ = min{R;(1) | i € T}
and RT™ = max{R;(1) | i € T}. Note that since S is single-peaked, and SCF f : §" — X is Pareto
optimal if and only if f(Ry) € [RW™, R%¥] for all Ry € S™.

Lemma A.1. Every unanimous and strategy-proof SCF f : S" — X satisfies Pareto optimality.

The proof of Lemma A.1 is rather straight-forward; we provide a proof for the sake of com-

pleteness.’® We use the following result in Barbera et al. (2010) to prove it.

Theorem A.1 (Barbera et al. (2010)). Every strateqy-proof SCF on a single-peaked domain is group
strategy-proof.

Proof of Lemma A.1. By Theorem A.1, f must be group strategy-proof. Suppose that the lemma
does not hold. Without loss of generality, we assume that there is a profile Ry € S" such that
Ri(1) < Rj(1) forallj € N and f(Ry) < Ry(1). LetC = {i € N | R;(1) > Ry(1)}. It must
be the case that C # @ as otherwise by unanimity, f(Ry) = Ri(1), a contradiction. Since
f(Rn) < Ry(1) < Rj(1) for all j € C, by single-peakedness, we have R;(1)P;f(Ry) for all
j € C. Let Ry € S" be such that R;(1) = Ry(1) if j € C and R; = R; otherwise. By unanimity,
f(Ry) = Ry(1). This implies agents in C manipulate f at Ry via R¢, a contradiction. This
completes the proof of Lemma A.1. |

Lemma A.2. The SCF f : 8" — X satisfies tops-onlyness.

Proof. Tt is enough to show that f(Ry, Ryy1) = f(R], Ryy1) where Ry(1) = R{(1) = x for some
x € X. Assume for contradiction that f(Ry, Ryy1) =y # Y = f(R], Ry\1). By strategy-proofness,
yR1y’ and y'R}y. Since R{(1) = R|(1) = x, both Ry and R] are single-peaked, and f is strategy-
proof, it must be that either y < x < ' ory’ < x < y. Assume without loss of generality that
y<x<y.

LetS = {i € N | Ri(1) > x}. Foreachi € S, let R; € S be such that R;(1) = x. Consider
the preference profiles (Rj, RS/RN\Sul) and (R}, Rs, Rn\su1)- Note that by construction, the
top-ranked alternatives in both the profiles are less than or equal to x. So, by Lemma A.1, we
have f(Ry, Rs, R n\su1) < x. By strategy-proofness of f, this, together with the fact both Ry and

R} are single-peaked with top-ranked alternative x, implies

f(Ry,Rs, Ryysun) = f(RY, Rs, Ryysun)- (1)

13 Achuthankutty and Roy (2018) proves this lemma (Corollary 1 in their paper) when the set of alternatives is
finite and only strict preferences are allowed. The proof presented here is similar to theirs.
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We complete the proof by contradicting (1).
Claim A.1. f(Rq,Ry\1) = y implies f(RLRS/RN\sm) = .

Proof of Claim A.1 Assume for contradiction f(Rl,RS,RN\Sul) #y. If f(Rl,RS,RN\Sul) <y
then agents in j € S manipulate f at (Rl,RS,RN\SUl) via Rg. On the other hand, if y <
f(Rl,RS,RN\SUl) < x then agents in j € S manipulate f at (Ry, Ryyq) via Rs. Since f(Ry, Rs,

Ry\sut < x, this implies f(Ry, Rs, Rpp\su1) = y completing the proof of Claim A.1. O

Claim A.2. f(R},Ry\1) =y’ implies f(R}, Rs, Ryysu1) 7 V-

Proof of Claim A.2 Let = min{d, x — y}. Let k > 1 be the natural number such that f(R}, Ryi) €
(x+ (k—1)8,x +kb]. Let S' = {i € N\ 1| Ry(1) > x + (k— 1)}. Further, let R}\]\l be such that
R}(1) = x+ (k—1)d and (x + k) P} (x + (k —2)4) foralli € S!, and R} = R; otherwise. Consider
the profile (R}, R}\,\l). Since by construction, all the top-ranked alternatives in (R, R}\,\l) are less
than or equal to x + (k — 1)3, we have by Lemma A.1, f(R}, R}\,\l) < x 4+ (k — 1)é. Moreover,
since (x + k)Pl (x + (k —2)4) for all i € S!, we have by group strategy-proofness f (R}, R}\,\l) >
x + (k — 2)4 as otherwise agents in S! manipulate f at (R}, R}\,\l) via Rg1. Combining all these
observations, we obtain f(R], R}\,\l) € (x+ (k=2)8,x+ (k—1)3].

Ifk > 2, thenlet > = {i € N\1 | R}(1) > x+ (k—2)é} and let R%\]\l be such that
R?*(1) = x + (k—2)d and (x + (k — 1)8)P?*(x + (k — 3)4) for all i € S?, and R? = R} otherwise.
By using similar arguments as in the preceding paragraph, we obtain f(R], RZZ\,\l) € (x+ (k—
3)d,x + (k — 2)4]. Continuing in this manner, we obtain a preference profile (R}, R]z(\l\l) such
that R¥(1) < x, (x + 8)PF(x — §) for all i € S¥, and f(R’l,R]Z‘V\l) € (x —4,x]. Note that by
construction of R’Z‘\]\l, R = R;if Rj(1) < x. Let S = {i € N\ 1| R¥(1) = x}. Recall the set
S ={i € N|R;(1) > x}. Consider the preference profile (R&,IA{S,RN\SM). By its definition, the
top-ranked alternative of each agent in S in it is x. Therefore, only the agents in S (might) change
their preferences from (R}, R’I‘\,\l) to (R}, Rs, R N\su1) maintaining their top-ranked alternative as
x. Since f(R’,le\,\l) < x, by group strategy-proofness, we have f( ’I,R];\,\l) = f(R1, Rs, Ry sun)-
Since f(R], R’I‘\]\l) € (x—4,x]and y’ < x — 4, it follows that f (R}, Rg, Ry\su1) # ¥, completing
the proof of Claim A.2. O

Claim A.1 and Claim A.2 together contradict (1), which completes the proof of the lemma. W

Lemma A.3. The SCF f : 8" — X satisfies uncompromisingness.
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Proof. Let Ry € §",i € N, and R} € S be such that f(Ry) < R;(1) and f(Ry) < Ri(1). Itis
sufficient to show f(R}, Ryy;) = f(Rn). Suppose R;(1) = x, f(Ry) = y, and f(R}, Ryy;) = ¥/’
Assume for contradiction that y # v/

By strategy-proofness, we must have x < y’. This is because, if ¥’ € (v, x], then agent i
manipulates at Ry via R}. On the other hand, if ¥ < y, then by means of the fact that R}(1) >y,
agent i manipulates at (R}, Ry;) via R;.

Because x < y', by means of strategy-proofness, we assume that Ri(1) = y’ and R;(1) < ¥’
forallj € N\ {i}.' Let T = {j € N | Rj(1) > x}. Forj € T, let R; € S be such that R;-(l) = x.
Starting from the preference profile (R;, Ry\;), by using similar arguments as in the proof of Claim
A.1and Lemma A.2, we have f(R7, Ry\r) = y- Now, consider the preference profile (R}, Ry ;)-
As in the proof of Claim A.2, let § = min{4, x — y}. Starting from the preference profile (R}, R N\i)/
we can step by step converge to the preference profile (Rr, Ry 1) as we have done in the proof
of Claim A.2 and by additionally using Lemma A.2, such that R;(1) = x foralli € T and
f(Rr,Ry\1) € (x =4, x]. Note that the preference profiles (RT, Ry\r) and (R, Ry ) are tops-
equivalent. Therefore, by Lemma A.2, f(R’ JRnr) = f (Rt, Ry ), and hence, f (R, Rn\1) €
(x — &, x]. However, this contradicts the fact that f(R’, Ry\1) = ¥, completing the proof of the

lemma. |
Lemma A.4. The SCF f is a min-max rule.

Proof. Forall S C N, let (RS, R?\]\S) € S" be such that R?(1) = a for alli € S and RY(1) = b for
alli € N\ S. Define Bs = f( %,R?\]\S) forall S C N. Clearly, Bs € X forall S C N. By unanimity,
Bz = band By = a. Also, by strategy-proofness, s < Brforall T C S.

Take Ry € §”". We show f(Ry) = g%ilf\}{%asx{Ri(l),ﬁs}}- Suppose S1 = {i € N | R;(1) <
f(RN)}, S2 ={i € N| f(Ry) < Ri(1)},and S3 = {i € N | Ri(1) = f(Rn)}. By strategy-
proofness and uncompromisingness, Bs,us; < f(Ryn) < Bs,. Consider the expression rréilr\}{r%asx
{Ri(1),Bs}}. Take S C Sq. Then, by Condition (iii) in Definition 2.8, B, < Bs. Since R;(1) <
f(Ry) foralli € Sand f(Ry) < Bs, < Bs, we have rlneasx{Ri(l),[Bs} = Bg. Clearly, forallS C N
such that SN S, # &, we have %asx{Ri(l),ﬁs} > f(Ry). Consider S C NsuchthatSN S, =@

and SNS3 # @. Then, S C S; U S3, and hence Bs, s, < Bs. Therefore, masx{Ri(l),,BS} =
1€

“Since f(R},Ry\;) = ¥/, if R}(1) # ¥/, then by strategy-proofness, f(RY,Ry\;) = y' for some R} € S with
R{(1) = y'. Similarly, if R;(1) < y' for some j € N\ i, then by strategy-proofness, f(Rj, R}, Ry\;j;) = y' for some
Ri € Swith Ri(1) = .
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max{f(Rn), Bs} > max{f(Rn), Bs,us; } Since Bs,us;, < f(Rn), we have max{f(Rn), Bs,us,} =

f(Ry). Combining all these, we have Is%izf\}{m%X{Ri(l)/,Bs}} = min{f(Ry),Bs,}. Because
CN " ic

f(Rn) < Bs,, we have min{f(Ry), Bs,} = f(Rn). This completes the proof of the lemma. W

The proof of the only-if part of Theorem 3.1 follows from Lemmas A.1 - A 4.

APPENDIX B. PROOF OF THEOREM 3.2

(If part) Let S be a partially single-peaked domain. Suppose ff be a PDMMR on S". Then, f#
is unanimous by definition. The fact that f# is strategy-proof follows from Theorem 3.3. This

completes the proof of the if part.

(Only-if part) Let S be a [x, X]-partially single-peaked domain. Suppose f : §" — X is a
unanimous and strategy-proof SCE. We show that f is a [x, X]-PDMMR. Let S be a generalized
top-connected single-peaked domain contained in S. Such a domain must exist by Definition 2.5.
By Theorem 3.1, f restricted to " must be a min-max rule. We establish a few properties of f in

the following sequence of lemmas.

LemmaB.1. Let @ C S C N and let y € X. Suppose (Rs, Ry\s) € S" and (R§, Ryys) € 8™ are two
tops-equivalent preference profiles such that R;(1) = x foralli € S and R]-(l) =y forallj € N\S.
Then, f(Rs, Ry\s) = y implies f(Rs, Ryvs) = -

Proof. Take S such that ©® C S C N. We prove the lemma using induction on k. By unanimity,
the lemma holds for y = x. Assume y # x. We prove the lemma for the case where x < y, the
proof for the other case follows from similar arguments. Let § < 6 be such that y = x + k for
some natural number k € IN and the numbers x + 15 belong to the set of alternatives X for all
I < k.1> We prove the lemma by using induction on k. Suppose the lemma holds for all y such
that y = x + 16 for all I < k and some k € IN. We prove the lemma when y = x + (k +1)J.

Let (RS/RN\s) € 8" be such that Rj(1) = (x + k) and (x + (k + 1)6)P;(x + (k — 1)4) for
all j € N\ S. Because f is a min-max rule on §" and f(Rs, Ry\g) = x+ (k + 1)5, we have
f(RS,RN\S) = x +kb. Since (RS/RN\S) and (Rg,ﬁN\S) are tops-equivalent and R;(1) = x + ké
forall j € N\ S, we have by the induction hypothesis, f(R%, R N\§) =X+ 23

Forallj € N\ S, let R; € S be such that R;(1) = x + (k+1)é and (x + ké)P;(x + (k + 2))).
Since the profile (Rg, R N\s) is single-peaked and is tops-equivalent to the single-peaked profile

If X is finite then b can be taken as 1, and if X is continuous then é can be any positive number less than &
satisfying x + ko = y for some natural number k.

25



(Rs, Rnys), we have f(Rs, Ry\s) = x + (k+ 1)5. Moreover, since f(R'S,RN\S) = x +kd, by
moving agents j € N \ S from ﬁj to R; one-by-one applying strategy-proofness at each step and
the construction of Ry s, we have f(Rg, Ry\s) € [x + kb, x 4 (k +2)3). We claim f(RY, Ry\s) =
x+ (k+1)4.

First, we show that f(Rg, Ryg) & [x+ kd,x + (k+1)d). Recall that R; is single-peaked for
alli € S. Therefore, zP;(x + (k+1)3) foralli € Sand all z € [x + kb, x + (k + 1)J). Because
f(Rs,Ryys) = x+ (k+ 1)4, if f(Rs, Ryyg) € [x+ ké,x + (k +1)4) then by moving agents in
S from R; to R} one-by-one applying strategy-proofness in each step, we have f(R5, Ry\g) ¢
[x + kb, x + (k+1)4) .

Next, we show f(R§, Ry\s) € (x+ (k+1)3,x + (k+2)4). Assume for contradiction, f(R§, Ry s)
=z¢€ (x+ (k+1)6,x+ (k+2)). Forallj € N\'S, let 1=2]- € S be such that 1:2]~(1) = (x+ (k+1)d)
and (x + k9) 13]-2. By using similar logic as we have used for the profile (R§, R N\s), it follows that
(RS, I={N\S) € [x +kd,x + (k+2)3]. If £(RE, I={N\S) = z, then, since f(R§, R\ s) = x + k4, agents
in N \ S manipulate at (Rg, ﬁN\S) via Ry 5. On the other hand, if f(R, ﬁN\S) € [x+ (k+1),2),
then, since each preference in RN\S is single-peaked, agents in N \ S manipulate f at (R, RN\ s)
via 1=2N\5. Finally, the fact that f(R: ,ﬁN\S) ¢ [x +kb,x+ (k+1)d) follows by using similar
arguments as for the case of the profile (R§, Ry s). This proves f(Rs, Ryys) = x+ (k+1)3 .

Since the top-ranked alternative in each preference in R N\s is x + (k+ 1)6 and f(R%, RN\ g) =
x + (k+1)J, it follows that the same happen for any profile N \ S as long as the top-ranked
alternatives are x + (k + 1)J. This completes the proof of the lemma. [ ]

Corollary B.1. Let @ C S C N and let ¢ € X. Suppose (Rs, Ryys) € S" and (R, Ry\s) € S" are
two tops-equivalent preference profiles such that R;(1) = x foralli € S, and R;(1) = cforallj € N\ S.
Then, f(Rs, Ry\s) = c implies f(Rg, Ry\s) = c.

Our next lemma shows that the outcome of f at a boundary preference profile cannot be strictly

in-between x and .'°
Lemma B.2. Let Ry € 8" be such that R;(1) € {a,b} foralli € N. Then, f(Ry) & (x,%).

Proof. Assume for contradiction that f(Ry) = u € (x,%) for some Ry € 8" such that R;(1) €
{a,b} foralli € N. Let S = {i € N | R;(1) = a}. Then, it must be that @ C S C N as otherwise

we are done by unanimity. Since § is partially single-peaked, there exists R, R’ € S such that

16 A boundary preference profile is one where the top-ranked alternative of each agent is either a or b.
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R=xy---and R' = xz---. Further, sincey > x+dandz < ¥ — 6, (x,y) # @ and (z,%) # @.

We distinguish three cases based on the relative positions of y, z, and u.

CASE 1. Suppose y,z € (x,%) and u € (x,z] U [y, X).

We consider the case where u € (x,z], the proof for the case where u € [y, %) follows from a
symmetric argument. Let Ry, € §" be such that R}(1) =z foralli € S, and R}(l) = w for some
w € [¥ —J,%) such that XP/z for all j € N'\ S. Since S is generalized top-connected, such a
single-peaked preference profile R} exists in S". Further, let Ry € S” be such that R;(1) = x for
alli € Sand Rj(l) = v for some v € (x,y) and v < u. Because f is a min-max rule on §" and
f(Ry) = u, we have f(R'S,Rg\]\S) =zand f(Rg, Ry\5) = 0. As f(Rg, Ry ) = v, by Lemma B.1,
we have f(Rs, Ry\s) = v where R; = R for all i € S. Consider the preference profile (R, Rins)
where R; = R forall i € S. Note that f(Rg, Ry, ) = zand R’ = Xz - -. Therefore, by moving
agents ini € S from R} to R} one-by-one and using strategy-proofness at every step, we have
f(Rs, Ry\s) € {X,z}. We claim f(Rg, Ry, 5) = ¥. Assume for contradiction that f(Rj, Ry ) = z.
Since XPjz for all j € N'\ §, by moving agents j € N\ S from R; to R} one-by-one and applying
strategy-proofness at every step, f (R'S,Rg\]\s) # Xx. However, this contradicts unanimity. So,
f(Rs, Ry\g) = . Foralli € S, let R; € S be such that R;(1) = X. By strategy-proofness,
f(Rs, Ry ) = X. Since f is a min-max rule of ", this means f(Rs, Ry\s) = ¥. For alli € S, let
R} € 8 be such that Rj(1) = y. Because (Rs, Rys), (R, Ryys) € 8" and f is a min-max rule
on 8", f(Rs, Ry\s) = X implies f(Rs, Ry\s) = y. Because f(Rs,Ry\g) = yand R = xy-- -, by
moving agents in i € S from R to R; one-by-one and applying strategy-proofness at every step,
we have f(Rs, RN\S) € {x,y}. Since v # x,y by our assumption, this is a contradiction to our

earlier finding that f(Rs, ﬁN\ s) = v. This completes the proof of the lemma for Case 1.

CASE 2. Suppose y,z € (x,X), (z,y) # Qand u € (z,y).

Let Ry, Ry € S" be such that Ri(1) = y and R;(1) = x foralli € S, and Ri(1) = % and
Rj(1) = zforallj € N\'S. Because f is a min-max rule on S" and f(Rs,Ry\s) = u, we
have f(Rg,RgV\S) = yand f(Rs,Ry\s) = z. As f(Rs,Ry\s) = z, by Lemma B.1, we have
f(Rs,Ry\s) = z, where R; = Rforalli € S. Again, because f(Rs, Ry s) =y, by Corollary
B.1, we have f(R5, ~§\]\S) =y, where R} = R’ forall j € N\ S. Because f(Rs, Ry\s) = z and
R' =xz---,by moving agents j € N \ S from Rj to R’ one-by-one and using strategy-proofness
at every step, we have f(Rs, Rs) € {x,z}. Again, f(Rg, Ry5) =yand R = xy- - -, by moving

agents i € S from R} to R one-by-one and using strategy-proofness at every step, we have
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f(Rs, Rs) = {x,y}. Since {x,y} N {X,z} = @ by our assumption, this is a contradiction. This

completes the proof the lemma for Case 2.

CASE 3. Supposey =X,z =x,and u € (z,y).
Let R}y, € S" be such that R}(1) = x foralli € Sand R/(1) = X forallj € N\ S. Because
N i j ]
is a min-max rule on S” and f(Rg, R = u, we have f(R%, R/ = u. Takei € N and
f N\S s Ry\s
consider the preference profile (R;, Rg,;, Ry, 5), where R; = R. Since Ri(1) = R;(1) = x and
R%, R + x, by strategy-proofness, f(R;, R%, ., R’ # x. Continuing in this manner, it
S7N\S y gy-p s\ir 'N\s &
follows that f(Rs, Rg\,\s) # x, where R; = R forall i € S. Moreover, since R; = xx - - - foralli € S
and Rj(1) = ¥ forall j € N'\ S, by unanimity and strategy-proofness, f(Rs, Ry, 5) € {x,¥}. Since
f(Rs, Ry g) # x, this means f(Rs, Ry 5) = ¥. Let Rj = R’ forallj € N\ S. As f(Rs, Ry ) = X
and Ri(1) = ¥, by strategy-proofness, f (Rs, Rg\,\s) = X. Now, if we first move agents j € N\ S
from R} to R" and then move agents i € S from R; to R, then it follows from a similar argument that
f(Rs, R?\I\S) = x. Since x # ¥, this is a contradiction to our earlier findings that f(Rs, Rg\,\s) =7

This completes the proof of the lemma for Case 3.

Since Cases 1, 2 and 3 are exhaustive, this completes the proof of the lemma. |

Let (Bs)scn be the parameters of f restricted to S”. In Lemma B.3 and Lemma B.4, we establish

a few properties of these parameters.
Lemma B.3. Forall S C N, Bs € [a,x] if and only if By s € [x, D).

Proof. Take S C N. It is enough to show that Bs € [a,x] implies By\g € [X,b]. Assume for
contradiction that Bs, s € [a,x]. Let R' = xz--- € S be as given in Definition 2.4. Since
(z,%) # @, take u € (z,X). Let (Rs, Ry\g) € S" be such that R;(1) = aforalli € Sand Rj(1) = b
forall j € N\ S. Since f restricted to S" is a min-max rule, f(Rs, Ryyg) = Bs € [a,x]. Let
(Rg, Rypg) € S" be such that Ri(1) = zforalli € Sand Rj(1) = u forall j € N\ S. Since
f(Rs,Ry\s) € [a,x], by uncompromisingness of f restricted to S", we have f (R’S,Rg\]\s) = z.
Because R’ = Xz - - -, by moving agents i € S one-by-one from R} to R’ and applying strategy-
proofness at every step, we have f(Rg, Ry g) € {¥,z}, where R} = R’ foralli € S.

Now, let (Rs, Ry\s) € S" be such that R;(1) = bforalli € Sand Rj(1) = aforallj€ N\S.
Again, since f restricted to S" is a min-max rule, f(Rs, Ryys) = Bas € [4,x]. Recall that
for j € N\'S, Rj € S with Rj(1) = u. Consider (RS, Ry,5) € S" such that R{'(1) = X for

alli € S. Since f(Rs,Ry\s) € [a,x], by uncompromisingness of f restricted to S”, we have
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f(RE, R;\r\s) = u. Because R/ (1) = x = R/(1) for alli € S, by Corollary B.1, it follows that
f(Rs, Ry ) = u. However, as u ¢ {X,z}, this is a contradiction to our earlier finding that

f(RS, Rg\,\ ) € {X,z}. This completes the proof of the lemma. [ |
The following lemma says that there is exactly one agent i such that g; € [a, x].
Lemma B.4. It must be that |[{i € N | B; € [a,x]}| = 1.

Proof. Suppose there are i # j € N such that B;, 8; € [4,x]. By Lemma B.3, ; € [a, x] implies
Bn\i € [%,b]. Sincej € N\iand Br < Bs forall S C T, By; € [x,b] implies B; € [X,b], a
contradiction. Hence, there can be at most one agent i € N such that ; € [a, x].

Now, suppose B; € [, b] for alli € N. By Lemma B.3, this means By\; € [a,x] foralli € N.
Therefore, there must be S C N such that Bs € [4,x] and forall S’ C S, Bs € [X, b]. By unanimity,
S # @. If S is singleton, say {i} for some i € N, then 8; € [4, x] and we are done. So assume that
therearej # k € S.

Let R = xy - - - € 8 be as given in Definition 2.4 and note that x + § < y. Since (x,y) # @, take
u € (x,x + ¢]. Consider the preference profile Ry € S" such that R;(1) = u where xP;(x + 6) Py,
Ri(1) =yforalli ¢ S,and R;(1) = xforalli € S\ j. Since S is generalized top-connected, such a
single-peaked preference profile Ry exists in S". Since Bs € [4,x] and B € [¥,b] forall S’ C S, it
follows from the definition of a min-max rule that f(Ry) = u. Let R} € S be such that Rj(1) = y.
Since Bg\x € [X,b] and f restricted to S" is a min-max rule, it follows that f(R}, Ryyx) = V-
Consider the preference profile (R, Ry\), where Ry = R. Because f(R}, Ry\x) = y and Ry = xy,
by strategy-proofness, f(Ry, Ry\x) € {x,y}. Suppose f(Ri, Ry\k) = x. Because f(Ry) = u
and Ry (1) = x, this means agent k manipulates at Ry via Ry. So, f(R, Ry\k) = y- Let R; €S
be such that R;(l) = x. Since Bs € [a,x] and x is the top-ranked alternative of all agents
in S at preference profile (R;, Ry\j), we have f(R;, Ryyj) = X As R(1) = Ri(1) = x, this
means f(R;-, Ri, Ry gjky) = X Because f(Ry, Ryx) = y and R;(1) = u such that xP;y, agent j

manipulates at (Ry, Ry\) via R;-. This completes the proof of the lemma. |

REMARK B.1. By Lemma B.3 and Lemma B.4, it follows that f restricted to S" is a [x, X]-PDMMR.

Our next lemma establishes that f is uncompromising.'” First, we introduce few notations

that we use in the proof of the lemma. For Ry € 8", let N(Ry) = {i € N | R; ¢ S} be the

7Since every SCF satisfying uncompromisingness is tops-only, Lemma B.5 shows that a partially single-peaked
domain is a tops-only domain. It can be easily verified that partially single-peaked domains fail to satisfy the
sufficient conditions for a domain to be tops-only identified in Chatterji and Sen (2011) and Chatterji and Zeng (2018).
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set of agents who do not have single-peaked preferences at Ry. Moreover, for 0 < I < n, let
S = {Ry € 8" | IN(Ry)| < I} be the set of preference profiles where at most I agents have
non-single-peaked preferences. Note that §] = §" and S = S".

Lemma B.5. The SCF f is uncompromising.

Proof. Since &} = S", f restricted to S is uncompromising. Suppose f restricted to S is
uncompromising for some k < n. We show that f restricted to S}, ; is uncompromising. It is
enough to show that f restricted to S}', ; is tops-only. To see this, note that if f restricted to S’ ;
is tops-only, then f is uniquely determined on S} by its outcomes on S". Therefore, since f
restricted to S” is uncompromising, f is uncompromising on S}, ;.

Take Ry € S}, and j € N(Ry). Let R; € S be such that R;(1) = R;(1). Then, Ry and
(R, Ry\;) are tops-equivalent and (Rj, Ry\j) € SI'. It is sufficient to show that f(Ry) =
f(R;, Ry\j). Assume for contradiction that f(Rn) # f (R, Ry\j).- Assume, without loss of
generality, that the partial dictator of f restricted to S" is agent 1. Then, by the induction hypoth-
esis, agent 1 is the partial dictator of f restricted to S}', i.e., for all Ry € &, if R1(1) € [a,x) then
f(Pyn) € [a,x],if R1(1) € (x,b] then f(Ry) € [X,b], and if R1(1) € [x,X] then f(Ry) = Ry(1). We

distinguish two cases based on the position of the top-ranked alternative of agent 1.
CASE 1. Suppose Ri(1) € [a,x) U (X, b].

We consider the case where R1(1) € [, x), the proof for the case where Ry (1) € (X, b] follows from
symmetric arguments. Since R;(1) € [a,x), we have f (IA{]',RN\]-) € [a,x]. Because R; is single-
peaked, iff(f{j, Ry\j) < f(Ry) < f{j(l) or ﬁj(l) < f(Ry) < f(f%j, Ry j), then agent j manipu-
lates at (Rj,RN\j) via R;. Moreover, since f(R;, Ryyj) € [a,x],if f(RN) < f(R;, Ryy\j) < R;j(1) or
Ri(1) < f(R;, Ry\j) < f(Ry), then by the definition of a partially single-peaked domain, agent j
manipulates at (Rj, Ry j) via R;. Now, suppose f(Rj,RN\j) < Rj(1) < f(RN). Let R; € S be such
that Rj(1) = f(Ry). Since f restricted to S’ is uncompromising and f(R;, Rynyj) < Rj(1) < R;(1),
we have f(Rj, Ry\;) = f(ﬁj, Ry j)- Because R;(1) = f(Ry), it follows that agent j manipulates
at (Rj, Ry\;) via R;. Using a similar argument, it can be shown that f(Ry) < Ri(1) < f(R;, Ry j)
leads to a manipulation by agent j. Therefore, f(Ry) = f(R;, Ryy\;) when Ry (1) € [a,x). This

completes the proof of the lemma for Case 1.
CASE 2. Suppose R1(1) € [x,X].
Since agent 1 is the partial dictator, f (Rj, Ryyj) = Ri(1). Consider R; € S such that R;(1) =
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f(Ry). Since (R, Ry\;) € 8¢, by the induction hypothesis, we have f(R;, Ryyj) = Ri(1). Be-
cause Rj(1) = f(Ry) and f(Rj, Rn\;) = R1(1) # f(Ry), agent j manipulates at (Rj, Ry ;) via R;.
Therefore, f(Ry) = f(R;, Ry\;) when Ry (1) € [x,]. This completes the proof of the lemma for
Case 2.

Since Cases 1 and 2 are exhaustive, this completes the proof of the lemma by induction. W

APPENDIX C. PROOF OF THEOREM 3.3

Let S be a [x, x]-partially single-peaked domain. Suppose f : S” — X is a [x, X]-PDMMR where
agent d is the partial dictator. It is enough to show that f is group strategy-proof. Clearly, no group
can manipulate f at a preference profile Ry € 8" where R;(1) € [x,%]. Consider a preference
profile Ry € 8" such that R;(1) € [a,x). We show that f is group strategy-proof at Ry. Since
R4(1) € [a,x), by Lemma 2.1, f(Ry) € [a,x]. LetC' = {i € N | R;(1) < f(Ry)} and let C" =
{i € N|R;(1) > f(Ryn)}. Suppose a coalition C manipulates f at Ry. Then, there is R}~ € SI°!
such that f(R¢, Ry\c)Pif (Ry) foralli € C. If f(R¢, Ryy¢) < f(Ry), then by the definition of S,
we have CN C" = @. However, by the definition of [x, X]-PDMMR, f(R¢, Ryy¢) > f(Ry) for all
C C C’ and all R € 8, a contradiction. Again, if f( ¢ Payc) > f(Ry), then by the definition
of §, we have C N C' = @. However, by the definition of [x, ¥]-PDMMR, f(R¢, Rn\c) < f(Rn)
for all C C C"” and all R’C eS |C|, a contradiction. The proof of the same for the case where
R;(1) € (x,b] follows from a symmetric argument. This shows f is group strategy-proof, and

hence completes the proof of the theorem.

APPENDIX D. PROOF OF THEOREM 3.4

Let S be a [x, X]-partially single-peaked domain. By Theorem 3.2, it is known that an SCF defined
on 8" is unanimous and strategy-proof if and only if it is an [x, X]-PDMMR. This means that
every most anonymous SCF defined on S satisfies unanimity and strategy-proofness must be an
[x, X]-PDMMR.

Consider the [x, X]-PDMMR f with respect to parameters (Bs)scn such that for all non-empty
SCN,Bs=xifd € Sand Bs = xif d ¢ S where d is the partial dictator of f and show that f
minimizes A(g, Ry) for all other [x, X]-PDMMRSs ¢ defined on " and for all Ry € S".

Consider a PDMMR g and a profile Ry. Note that by definition, A(f, Ry) does not depend on

who the partial dictator of f is. In view of this, let us assume that both f and g have the same

31



partial dictator d. We complete the proof by distinguishing the following cases. Let us use the
following notations: R = max{R;(1) | i € N} and R%}™ = min{R;(1) | i € N}.

Case 1. Suppose R < x or RI" > ¥,

If Ry < x, by the definition of f, f(Ry) = RY™ meaning that f is anonymous on such a profile.
More formally, f(Ry) = f(R}) for all permutations 77 of N, and hence, A(f, Ry) = 0. Similarly,
if Rr]{}in > %, then f(Ry) = rz{}in, and hence, A(f, Ry) = 0. Since A(g, Ry) > 0 by definition, we
have A(f, Ry) < A(g, Ry) for all such profiles.

Case 2. Suppose R, RU ¢ [x, ¥].

By definition, f(Ry) = g(Rn) = R4(1) and f(RY) = g(RY) = R} (1) for all permutations 7.
Therefore, A(f,Rn) = A(g, RN).

Case 3. Suppose [RYy™ € [x, %] and REM < x]or [ REM ¢ [x, %] and R > x].

If R € [x,%] and RY™ < x, then the maximum values of both f(R7) and g(RZY,) are achieved
when R;(1) = Ry* and equals R**. However, the minimum value of f(R}) is x, whereas that
of ¢(R}) is less than or equal to x. Therefore, A(f, Ry) = RY™ — x < A(g, Rn). The proof of this
when R%™ € [x,%] and RI™ > ¥ follows symmetrically.

Case 4. Suppose RI™ < x < X < R,

By the definition of f, the maximum value of f(R};) is ¥ and the minimum value of it is x, whereas

the maximum value of ¢(RY;) is greater than or equal to ¥ and the minimum value of it is less

than or equal to x. Thus, A(f, Ry) =¥ — x < A(g, Ry).

APPENDIX E. GRAPH THEORETIC NOTIONS

In this subsection, we introduce a few graph theoretic notions used in this paper. An undirected
graph G is defined as a pair (V, E), where V is the set of nodes and E C {{u,v} | u,v € Vand u #
v} is the set of edges. For a graph G = (V, E), a subgraph G’ of G is defined as a graph G’ = (V, E'),
where E' C E. For two graphs G; = (Vy, E1) and G, = (V5, E,), the graph G; U G; is defined as
G1UG, = (ViU Va, By UEy).

All the graphs we consider in this paper are of the kind G = (X, E), i.e., the set of nodes is the

set of alternatives.

Definition E.1. Anundirected graph G = (X, E) is called the undirected line graph on X if (x,y) € E
({x,y} € E)ifand only if |[x —y| = 1.
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Definition E.2. A graph G is called an undirected partial line graph with respect to x and X if G can be
expressed as G1 U Gy, where G; = (X, E7) is the undirected line graph on X and G, = ([x, %], E2)
is an undirected graph such that {x,y}, {X,z} € E; forsomey € (x+1,X] and z € [x, ¥ — 1).

In Figure 3, we present an undirected partial line graph on X = {x1, X2, x3, X4, X5, X6, X7} where

x = xzand X = xg.

OO CF =6

Figure 3: An undirected partial line graph
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