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In an economy with club goods, we introduce the concept of von Neumann-
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1 Introduction

The paper investigates Von Neumann—-Morgenstern stable solutions in market economies
that allow agents to buy club memberships along with the trade in private goods. In
their seminal work, Von-Neumann and Morgenstern [19] identify stable patterns of
social organisations (or coalitions) that form in a society. These help analyse how a
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Rupayan Pal for their advice, suggestions and comments.



group of agents would form alliances among themselves. While a vast majority of au-
thors use stable sets to predict ‘human behaviour’ in the context of cooperative games',
matching models or voting theory, these have also been used to study stable alloca-
tions and coalitions that agents arrive at, in Walrasian exchange economies. In an
exchange economy, stable set of allocations is a set V' such that i) no allocation inside
V is blocked by an allocation belonging to V (internal stability) and ii) any allocation
not inside V is blocked by an allocation belonging to V (external stability). Therefore
the set is stable because once an agent arrives at an allocation in the set he does not
have an incentive to deviate to any other allocation. Also allocations outside the set
are unstable as the agent would always want to deviate to an allocation within the
set. How are stable sets related to core allocations? Note that core allocations satisfy
the property of internal stability. With reference to external stability, note that core
allocations remain non dominated by any allocation including the one which in turn
can be dominated. Stable sets have arisen owing to this fundamental inadequacy of
core allocations. However there do not exist any general results with regard to stable
sets. This is because, in contrary to core allocations stable sets might not be unique.
Nevertheless, stable sets might be more instructive in comparison to core in scenarios
where the latter is empty.

The literature related to stable sets in Walrasian economies mainly focuses on the
correspondence between stable sets in the continuum economy with those that form in
the finite economy and whether they are unique in nature. Einy and Shitovitz [5] for
instance, study existence and uniqueness of stable sets in a finite exchange economy.

They show that if each type is initially endowed with a unique commodity and if
every type contains the same number of agents, then the set of all symmetric Pareto-
optimal allocations comprise the von Neumann-Morgenstern stable sets. Greenberg
et al. [J] observe that, in contrary to the similarity seen between core allocations
and core payoffs, stable sets in the allocation space are different from those that form
in the utility space. Therefore they adopt the concept of ‘sophisticated stable sets’
pioneered by Harsanyi [10] and establish an equivalence between sophisticated stable
sets in allocation space with those that form in the utility space. Hart [I 1] extends the
notion of Von Neumann-Morgensetern solutions to a Walrasian pure exchange economy
with private goods and studies the relation between stable sets in a continuum economy
with finitely many types and those that form in a corresponding finite economy. The
problem essentially reduces to studying interaction between agents of different types.
This is because agents belonging to the same type seem to form a cartel; each agent

For example see [12], [17], [?], [4]



in the finite economy can be thought of as representing the continuum of agents of a
given type in the atomless economy.

Further, how stable sets look like in economies with public goods is another strand
of research that has interested scholars (for instance see [3]). This is because indi-
viduals in everyday life not only buy private goods, but need to apportion resources
among a spectrum of goods ranging from pure private goods, to club goods and to
pure public goods. Similar to Hart’s [ 1] characterisation, Graziano and Romaniello
[8], find an association between stable sets of a continuum economy alongside public
goods with those that form in a finite public goods’ economy. We extend this line
of research and study whether the same correspondence holds in the presence of club
goods. Club economies merit attention because agents in real life are often confronted
with situations where they need to share the benefits of the good and its provision
cost with other agents. A group of individuals consume these goods collectively. There
goods are excludable and non-rivalrous in nature. l.e., there exists a membership fee
and agents who only pay this fee are entitled to the benefits of the good; and second,
the benefits enjoyed by any one member does not prevent some other member to reap
the same benefits. An individual obtains utility by dividing the provision cost among
other members, however the size of the sharing group results in disutility. Examples
of a club include a reading club, a football club, a library club and so on.

An overwhelming majority of studies on club goods consider economies comprising
a finite number of individuals . However finite economies are insufficient in charac-
terising a club economy marked by competition. Individuals generally wield market
power in a finite economy. Hence considering these economies as perfectly competitive
looks to be counter-intuitive.

Ellickson et al., [0] use a framework that effectively addresses these limitations.
They construct a market economy with club goods along the lines of Aumann [1]. The
economy comprises a continuum of agents and considers a decentralised notion of price
taking equilibrium where club memberships are treated just like private commodities -
as articles that can be chosen/bought. Along with the trade in private goods, individ-
uals can buy multiple memberships across various clubs. While each club comprises a
finite number individuals, the economy allows for formation of an infinite number of
clubs. Thus a given club is large sized from an individual’s view point, but is small
sized when considering the whole economy. Further, a club is defined based on the
number and characteristics of its members. For instance, marriage is a club which
offers 1 male membership and 1 female membership. A female (male) can only buy the
membership reserved for females (males).

2For example see [14], [16], and [20], etc.



The first part of the paper analyses whether a correspondence exists between stable
sets in a continuum club economy consisting of a finite type of individuals and those
that form in the associated club economy containing a finite number of individuals. The
second part studies stable sets in club economies using the “sophisticated” approach
pioneered by Harsanyi [10].

The paper is arranged as follows. Section 2 describes the club economy, section
3 provides solution concepts, in section 4 we present our main results, and section 5
concludes.

2 Model

Buying a club membership in Ellickson et al.’s [0] framework is similar to buying a
private good. Each club specifies the following - the aggregate number of individuals
allowed inside the club, their characteristics, and the undertaking in which the club is
involved. For instance, a football club can specify that it allows membership to say 17
individuals, 10 of whom should be female and 7 male. Thus the model assumes that
the only characteristic which sets apart individuals from one another is their gender.
Another football club allowing a maximum of say 41 members (say 20 male and 21
female) is different from the previous one, as the maximum number of individuals of
each characteristic vary across the two clubs that we consider.

2.1 Private Goods

There are L private goods in the economy and these belong to R*. Hence these are
perfectly divisible. For two bundles of private goods, z,g € Ri, z > g implies that
z; > g; for every i, z > g implies that z > g but z # g, and z > ¢g implies that z; > g;
for every 7. Further, ||z||; :== Y1, |2l

2.2 Clubs

Inspired by Ellickson et al. [6], a club in our economy is defined by its club type. A
club type specifies the total number of members allowed in the club, their characteristics
and the project (or the activity) that club members undertake. € denotes the set of
characteristics. We assume it to be a finite set. Every element n € ) is description
of the relevant characteristics that are needed for club formation. For instance, a
swimming pool could specify that it offers memberships to two kind of people - males



aged below 10 and females aged above 30. Therefore ’a male aged below 10’ is an
element in ().

An ‘activity’ in which a club is engaged allows for various interpretations. It could
either be a physical activity like playing golf, or could be an ideology that members of
the club hold, or could be a code of conduct that the members adhere to and so on.
Following Mas-Colell [13], we assume the set of all activities to be a finite abstract set.
We denote it by I'. v € I' is an element of I'.

The pair (m,7) denotes the club type where m denotes the club profile and ~
stands for club activity. 7 or club profile is a mapping 7 : Q@ — Z, = {0,1,---}.
It defines the characteristics of individuals who are allowed to take membership in the
club. If a club only allows individuals with characteristics n and say 7', then individuals
with characteristic " cannot buy membership in the club. A club membership or
an opening inside a club is characterised by a triple {n, w,v}. Given a club type (7,7),
an individual with characteristic n’ can only become a part of this club if it offers
memberships of the type (1, 7,7). We use .# to denote the set of all possible club
memberships. There is an upper limit on the number of memberships an individual
can procure, which is fixed endogenously.

A list is a map that specifies the number of memberships of each type bought by
an agent. Lelist is a function [ : M — {0, 1, ...} where I(n, 7,~) specifies the number
of memberships of type (n, 7, ). Further,

Lists := {l : L is a list}

to denotes the set of lists. Thus Lists is a set of functions from .# to {0,1,...}. Note
that Lists C RM. An individual can belong to a club only if it offers memberships to
agents with characteristics same as hers. This implies that {(n,7,v) = 0 if [ € Lists,

(n,m,7) € M and n # n;.

2.3 Agents

We use a nonatomic finite measure space (I, 3, 1) to define the agents in the economy.
The set of agents is denoted by I, ¥ stands for a o-algebra of subsets of I, and pu
stands for a nonatomic measure on ¥ with p(/) < co. A club economy & is defined
as a mapping t — (n;, Xy, wy, ug) where 7, denotes the external characteristics of agent
t, X, C R x Lists denotes her choice set, w, denotes the initial bundle of private

commodities with which she enters the economy and u; denotes her utility function
Ut - Xt — R.



2.4 Feasible Allocations

An allocation is a measurable mapping (f,1): I — RZ x R specifying private good
choices and club membership choices made by every agent. Next following Ellickson et
al. [0] we introduce a consistency condition on various clubs of each type that form in
the economy. A club membership vector 6 € R is termed as consistent if for each
club type (m,7) € Clubs, we can find a real number a(m,~) such that

o(n,m, ) = a(m, y)m(n)

for each n € Q. (This coefficient a(7,y) denotes the number of clubs of the type (7, )
held by 6.)

A coalition S is a measurable subset of I with a positive measure. A member-
ship choice function § : S — List is termed as consistent for the coalition S if the
corresponding aggregate membership vector § = | 5 0dp(t) € R is consistent. Let

Cons := {0 € R : § is consistent}.
Note that %ons is a subspace of R .

Definition 2.1. An allocation (f,l) is said to be feasible for a coalition B if it

satisfies the following:
1. Individual Feasibility: (f;,[;) € X, for each t € B.

2. Material Balance:

fedp(t) + > ! inp(m, V)l(n, @, 7)dp(t) = | widp(t).
|
B B (e !

B

3. Consistency: [, l,du(t) € €ons .

For B = I, we simply term it to be feasible.
Letting the cardinality of €2 to be m, our club economy £ is marked by another assump-
tion. We assume that the economy consists of n (n < m) type of agents where agents
of a given type posses identical external characteristics, are endowed with identical en-
dowment of private commodities w; and share an identical utility function u;. I, the set
of individuals can be disintegrated as I = U}", I;, with the length of each interval being
normalised to 1, i.e. p(l;) =1,and I; = [i — 1,i[,i = 1,...,n— 1 and [, = [n — 1,n].
An allocation (f,[) of the club economy & is called an equal treatment allocation
if f takes a constant value z; and [ is a constant [; over each set I;. An allocation (f,1)
is termed as symmetric if it assigns indifferent bundles to individuals belonging to
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the same type, i.e. t — w(f(¢),1(t)) takes a constant value u; for every I;. Given the
economy &, we define an economy £ canonically associated with £ as comprising a
finite set 1,...,n of n individuals which we denote by N. Agent ¢’s initial endowment is
denoted by w; and utility function is denoted by u;. An allocation (xy, ..., xy, {1, ..., )
can be interpreted as an equal treatment allocation (f,\) in £, where f is the function
defined as f(t) = x; and A(t) = [; if t € I;. Conversely, an allocation (f, A) in £, can be
thought of as an allocation (zy, ..., Tp, l1, ..., I,) in EF with z; = fli fdp and [; = fli .

A state (a1, ..., Zn, Iy, ..., [,,) in the finite economy EF with 2; € R™ and [; € Lists;,
1=1,...,nis feasible for a subset B C N if it satisfies the following:

1. Individual Feasibility : (x;,l;) € X; for eachi € N

2. Material Balance: >, sz, +> ;.5 Z(n,w,v)eM ‘—}ﬂmp(ﬂa N0, 7,7) = D iep wi

3. Integer consistency : [ is integer consistent for B

A function p : B — Lists is integer consistent for B if for each (m,v) € M there
is a non negative integer «(m, ) such that Y 5 pu; = a(m,v)m(n).

The following assumptions have been introduced on preference relations and endow-
ments.

A.1 The external characteristics mapping ¢ — w; is a measurable function;
A.2 The endowment mapping t — e, is an integrable function;

A.3 We define a quasiconcave utility function over our consumption space X =
RE x ZM as follows. A utility function u is said to be strictly quasiconcave if u(ax +
(1 —a)y) > min{u(z),u(y)} for all a € (0,1) for which ax + (1 — a)y) € RL x ZM.

Note that the linear combination might not belong to the consumption space for
all values of . Hence we assume the utility function to satisfy the properties of
quasiconcavity for only those values of a for which the linear combination belongs to
the consumption space. The following example illustrates. Let X = R x Z and let
u : X — R. Consider two bundles z; = (1.5,2) and 25 = (3.5,4) in X. Note that
a linear combination will only be defined for 3 values of «, i.e. when o = {0, 1, %}
as for all other values of «, the membership choices might not be discrete. When %,

(azi + (1 — a)zs) = (5(1.5+3.5) + 3(4+2)) = (2.5, 3). Therefore the utility function
will be strictly quasiconcave in our framework if «(2.5,3) > min{(1.5,2), (3.5,4)}.



A4 Let N : [ — ZM, where I = U™ I, Let S; C I; such that \(t) # ¢
for all t € S;, then there exists A C S; such that ﬁfA At)du(t) € ZM and

m f(I__A) A(t)du(t) € ZM. Note that since M is an upper bound on the number of

memberships an individual may choose, therefore A : [ —> ZM will only take finitely
many values. Hence (A fA t)du(t) can be written as —— # [ (A)ay + p(Ax)as + ... +

1(Ayp)a,] where A = UL A;. Therefore - fA Will belong to ZM if “(A) is
a common factor of all elements of a;.

A.5 An economy & if called a glove economy with club goods if the sets W, =
{k|lwF > 0} for all 0 < i < 1 are disjoint. This implies that each commodity initially
lies with only a single type of agent. Each type owns a distinct commodity.

A.6 The consumption set correspondence t = X; is a measurable correspondence;

A.7 The utility function u; : X; — R is continuous and strongly monotone in
private goods consumption;

A.8 The utility mapping (¢, z,1) — w;(x,1) is jointly measurable; and
A.9 The total initial endowment [, widpu(t) is greater than 0.

A.10 Endowments are said to be desrirable if for every individual ¢ and every
[ € Lists(t), us(0,v) < u(f,p).
3 Solution Concepts

Definition 3.1. An allocation (f, ) of the club economy €& is said to be individually
rational (i.r.) if ue(fy, 1) > ui(wy, 0) for pa.e t € I. Let the set of individually rational
allocations be denoted by I R.

3.1 Stable sets in &

Definition 3.2. Let there be two allocations (f,rv) and (g,l) in £ and a coalition
S e X. (f,v) is said to dominate (g,[) on S if

L. w(fe, ) > ue(gy, ly) for each agent in S

2. (fi,n) € X, for each agent in S

3. fotd'u +fS Z(nwv \ﬂznp(ﬂ- V)Vt(q%ﬂ- W)dﬂ fswtdﬂf )

4. [ vdu(t) is consistent.



(f,v) is said to dominate (g, 1), if there exists a coalition B such that (f,v) dominates
(g9,1) on B.

Let the set of nonempty family of coalitions contained in 3 be denoted by S.

Definition 3.3. A von Neumann-Morgenstern stable set V(S) of £ with reference to
S, is a non-null subset of I R such that:

1. V(S8) is internally consistent, i.e. no two allocations of V(S) dominate one another
on a coalition of S;

2. V(S) is externally consistent, i.e. every ir. allocation not belonging to V(S) is
dominated by some allocation inside V(S) on a coalition within S. When § overlaps
with X, we denote the vNM stable set by V.

3.2 Stable sets in EF

Similar definitions hold for the finite economy.

Definition 3.4. An allocation (g1, ..., gn, l1, .., [,,) dominates (x1, ..., Ty, 1, ..., V) O0 &
coalition S C N if

Zgz—i—z Z —mp7r7 iy, ) <sz

€S i€S (n,m,y) EM i€S

Z l; is consistent
i€S
and
wi(gi, ;) > ui(xj ) Vie S

Definition 3.5. A stable set of £F with reference to S is a non-null set V(S) of IR
such that:

1. VF(S) is internally consistent, i.e. no two allocations inside V(S) dominate one
another on a coalition belonging S;

2. VF(S8) is externally consistent, i.e. every i.r. allocation not inside V¥'(S) is domi-
nated by some allocation belonging to V¥'(8S) on a coalition within S.

When S overlaps with N, we just term it as a stable set and denote it by V¥

Definition 3.6. As in Hart [I 1], we use the term permutation in a nonatomic economy
to define a one-to-one measure preserving function 7 from I to I, measurable both ways

9



such that for all t € I, t and #t are individuals belonging to the same type, i.e both lie
in I; for the same 3.

We term a set V of allocations as symmetric if for each permutation, 7 of £ and
every (f,A) € V, the allocations (7 f, 7A), where w(f, \)(t) = f(nt), A(7t) also lie inside
V.

Lemma 3.7. Let (z,v) and (z,V") be two allocations of € such that (x4, v}) =+ (2, v¢) p-
a.e. on H for some coalition H. Then given any 0 < a < 1 there is an allocation (j, V")
such that

(2) (Je, v)') =+ (24, 14) p-ae. on H;
(1) [5; Jedu(t) = [y(azy 4+ (1 — a)z)du(t); and
(149) [ vidp(t) = [¢(av] + (1 — a)v)dpu(t).

Proof. Proof follows from Lemma 3.1, Bhowmik and Kaur [2]. O

Proposition 3.8. Let (f,1) be a feasible allocation in &, let S C I and 0 < o < 1.
Then there exists So, C S such that pu(Sa) = ap(S) and [¢ (f (f@) +7(l) —w(t))du(t) =

oy (F(8) + (1) — o(H)du(t).
Consequently, if (f,l) dominates a feasible state (g,l') on S, for each g € (0, u(S)), 3
a coalition Sg C S such that u(Sg) = B and (f,1) dominates (g,1") on Ss.

Proof. Proof follows from Theorem 4.1, Bhowmik and Saha [3]. O

Proposition 3.9. Let (f,\) and (g,\N') be equal treatment feasible allocations in the
economy &, with f(t) = x;, AMt) = l; and g(t) = g; and N(t) = I, for almost all
t e l;. If (g, N) is dominated by (f,\) in &, then (g1, ..., gn, ], ..., 1)) is dominated by
(T4, ey Ty L1y s 1) i EX.

Proof. As (g, ') is dominated by (f, A) in the economy &, this implies the existence of
a coalition S’ such that

ftdu / Z —mp T, V), 7, ) dp(t) = / wedp(t) (3.1)

/ A(t)dp(t) is consistent (3.2)

and

ur(f(2), A(t)) > wi(g(t), N'(2)) vt € 5 (3-3)

10



Let S = {i| S'NI; # ¢}. Note that S is non empty and u;(x;, ;) > u;(g;, ;) Vi € S.

émeS’ﬂ[ —I—Z Z anﬂ”)/)l(n,ﬂ’}/ (S'NIL) ZwluS’ﬂ[

€S i€S (n,m,y) EM i€S
(3.4)
So for any k=1, ...,1

1
S'N L) af —i (S'N L) 3.5
Su it X i) ) = Suta 35)
€S (n,m,y)EM (Ish
In case k ¢ UjesW;, then Y, g wfp(S'NI;) = 0so xf—i-z(nmﬂ)eM ﬁinp(w, N, 7,v) =
0Vi e S. Otherwise Y, qwf = SV Wk and since (21, ..., Tn, by, ..., 1) satisfies the
material balance condition, it results

Zx +Z Z —mp T, (7, y) < Z <xf+ Z %inp(w,*y)lf(n,w,*y))
(

icS i€S (g, y)eM i=1 n,m,7)EM

N

_ k k

= E W = Wi
i=1

€S

Thus ZiES Ti + ZiES Z(U,Wﬂ/)EM ﬁinp(w, ’7)ll<n7 T, ’7) < Zies Wi and
Wi(T1y ooy Ty by ooy Un) > Wil g1y oes Gy U o, 1) Vi €S,

Claim If [ l,dp(t) is consistent, then ), ¢ l; is also consistent.

Proof: Let | M| = k. Since [, is equal treatment and there are as many types of agents as
the number of characteristics, therefore fS, Lidu(t) = [u([lﬂS’)ll(wl, Ty eeey Oy ey (LN
SYle(wn, @, 7)) € Cons, where 0 € Z"I and Ky = {i[S' N I; = ¢}. Since Cons is a
subspace, therefore, o [ lydu(t) € Cons, where o € R*.

1 T .
o, = J wEney €S
’ 0, ifi €k,

Note that a [ l;dpu(t) = >, li. Since Cons is a subspace, therefore, 3. ¢ 1; € Cons.
0

Proposition 3.10. Let (f,\) : [ — RY x ZM. Let (f,\) be an individually rational,
feasible allocation of the club economy € such that for type ig, one of the following sets

Sio = {t S Izo‘f(t) 7é 61'0 = [ fdlLL and )\(t) 75 lio = [ )\du}

10
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P, = {tefio|f<t>7é§m= | sdw anarwy =1, = [ Adu}

10

Qio == {t € Ilolf(t) == §i0 = /I fd/L and /\(Zf) 7& lio = /[ /\d/L}

has positive measure. Then there exists n;, < &;, such that the set

U, = {t € I |y (F(1). (1)) < umo,zio)}

has positive measure and w;,(1iy, liy) > wiy(wt,0) on a subset of I, having positive
measure.

Proof. As (f,\) is an i.r. feasible allocation, therefore

/ftdu / > —mp T, V)0, T, 7)dp(t) = /wtdu(t)

(n,m “/EM

/)\(t)du(t) is consistent and w;(fi, \r) > u(wy, 0)

I
Consider the set

Vie = {t € Ligluig (fe. \t) < “io@l‘wlio)}

If u(Viy) =0, then w;, (fi, Ar) > wiy (&g, liy) for pace. t € I;,. We will consider three
cases:

Case 1) When S;, > 0. Assumptions on the set S;, and from A.4 we get that there
exists A C S;, such that

(a,1) = (ﬁ /A fdu,ﬁ /A Adu) # (s i)

1 1
0= (G oa e TN A /\ ) # 6ol

A..6 ensures the existence of such (a,l,) and (b, ). Let C' = {(f,1) € RExZM | w; (f,1) >
Uiy (&igs liy) }- Note that (a,l,) and (b, 1) belong to C and w;,(a,l,) > w;y (&, ;) and
Wiy (b, lp) > iy (&, liy ). This is not possible as w;, (u(A)a + p(Li, \ A)b, u(A)ly + p( L, \
A)ly) = (&, li,). However since the utility function is strictly quasiconcave, (from A.5)
we arrive at the contradiction wu;, (pu(A)a+p(L;, \A)b, ((A)lo+p(Lig \A)ly) > wiy (&, Liy)-

12



Thus p(V;,) > 0. Analogously, we will proceed with other cases also. Next consider the
following:

i) If (&,,0;,) = (0,0), then (f;,Ar) = (0,0) a.e on I, and u(S;,) = 0. Therefore
(&0’ lm) > 0.

i) If &, = 0,1;, > 0, then f; = 0. By the desirability condition agents will prefer to
consume their initial endowments which will give them higher utility than engaging in
club formation. Therefore in this case, agents will not form clubs at all.

iii) If &, > 0,1;, = 0, the case reduces to a standard private goods economy and can
be handled as per Hart [11].

Thus &, > 0,0, > 0. Since &, > 0, there exists a component &k for which ffo > 0.
Since the utility function is continuous in private goods, we can find € > 0 such that if
Ni, = Tl;, — €€y then the set

Vio = {t € ]i0|uio(ft7 /\t) < U (7710; lio)}
has positive measure, and w;, (7, lig) > wio (fi; M) > iy (w, 0) VT € V.

]

Proposition 3.11. Let V be a symmetric stable set of the club economy E. Then every
feasible state (f,\) in V where (f,\) : I — R™ x ZM is an equal treatment state.

Proof. Let (f,\) € V not be an equal treatment allocation. This implies the existence
of some i( such that one of the following sets is non null.

S, = {t R0 # 6= [ fdwand o) #1= [ ldu}

Pz-oz{teliolf(t)#&:/[ fdu and)\(t):li:/[ ldu}

Qi {tE-’z‘o|f(t):§z‘:/I_ fd,ucmd)\(t)%li:/[ ldﬂ}

Proposition 3.10 allows us to choose for this i, 7,0 < & such that the set

Uz’o = {t € Iio|ut(f(t)7 )‘(t)) < ut(nioa llo)}

has a positive measure and wu(7;,, liy) > ut(wio,0) for p a.e t € U;,. Let 6 = &, — nj,
and 6 = u(U;,). Define an i.r. allocation (g,v) by
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(f(t)+ =25,0), ift € I; with i # 4

(9(), v(t)) = { (i 1), if t € .

Note that f[ gdﬂ = fUi;&io I; gd'u T fIiO gdu
51 v TL
fUﬁfzoI fd,u+ 0 770 1 +7720 f[ fd’u

So far, inputs to club projects have been imputed to agents by a general allocation
rule. For agents belonging to I;,, we define a rule ¢(.,.,v) for each v € I" such that

/ > —mpﬂv)ktnmvdu / > M ydp

10 nwv)EM (n,m,y)EM

Therefore

/gdu /wdu / Z mp T,V )ve(n, ) dp

12#10 (77
/ S 6y
(nymyy)

Using Proposition 3.8, we can find a coahtlon S = U? 1Si where S; C I; and p(S;) =

op1(1;) such that [ gdp = [qwdp — fs g T fS () P V) ligdp and Jsvdpu
is consistent. Note that since (g(t),v(t)) is a constant function over the set I, hence
we define the coalition S such that the set of agents belonging to U;, belong to S. Thus
we have arrived at an allocation (g, ) that blocks (f, A) via the coalition S.

Therefore (g,v) does not belong to V and is thus dominated by some (h,v') € V
on a coalition U that is non null. Without loss of generality, we can suppose that
wUNIy) < u(Usy). If w(UNI,;,) =0, then (f,\) is dominated by (h,v) through U. If
w(UN1;,) >0, we can assume the existence of V;, C U;, such that u(U N 1;)) = w(Vi,)
and introduce a permutation 7 that interchanges V;, with U N I;,, and equals identity
elsewhere. Then 7(f,\) = (7 f,7\) also belongs to V, as V is symmetric and 7(f, \)
is dominated by (h,v) through U. We thus arrive at a contradiction as V is internally
consistent. [l

Theorem 3.12. Let VI be a stable set of EF'. Let V denote the set of equal treatment
allocations of the economy & that is set up corresponding to elements in VI'. Then V
is a symmetric stable set of £. Let V denote a symmetric stable set of £. The set V7
of allocations of EX set up corresponding to elements in 'V is a stable set of EF.

14



Proof. Note that V is a symmetric set by construction. By 3.11, it is internally consis-
tent. Also clearly, its elements are i.r. We need to show extradominance.

Claim: Let (f,[) denote an i.r. allocation not belonging to V. Then (f,[) is dominated
by an allocation (h, z) that belongs to V.

Proof of the claim: Let (f,\) be an i.r. allocation not in V. If (f, \) is equal treatment
then f(t) = z; and A(t) = [; for p ae. t € I;, for all ¢ = 1,...,n. Evidently, the
allocation (1, ..., T, 11, ...,1,) is not inside V¥, therefore we can find an allocation
(g4 s ghs 1y, o, 1) € VI and a coalition S such that

PIEDINDY @Wﬂvnmv = w (3.6)

= €S (g w)eM i€s
Z [ is consistent (3.7)
ics
ul(gw lz) > uz(xu lz) (38)

Let 8" = Ujesl;, g(t) = g; and N (t) = I} if t € I;. Then equations (3.8) and (3.10)

can be rewritten as

/ﬁw+£ mﬁvwmmw:/ym

(n,m

and
ug(g(t), N'()) > w(f(t), A1)

for almost all ¢ € S’. Since Y, ¢!} is consistent, therefore, [, N'(t)du(t) = 3, .51 is
also consistent.

If (f,A) is not an equal treatment allocation, then for all i € 1,...,n define the
following sets.

si:{tefiu(t)#@:/fdu and )\(t);éli:/)\du}
P, = {t€I|f ) # &= /fdu and \(t) =1; = /I)\d,u}

Q; = {te[]f /fducmd)\()%l /I.)\dp}

3
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Let S={jel,...,n|u(S;) >0}, P={jel,..,nlu(P;) >0} and
Q ={j el . nuQ;) >0} Clearly, one of the three sets P,Q or S will be non
empty and from proposition 3.10, whenever either of the three sets P, @ or S is non
empty, there exists 1; < & such that the set

Ui = {t € Llu(f(£), A1) < e, 1) }

has a positive measure and wu;(1;, ;) > ui(wg, 0) on U; for all i € P,Q or S.

Let us consider the case when P # ¢. Let 0 = >, p(& — m:) > 0. Now define the
allocation (91, ..., {1, ...l,,) where

o 771,[1 leGP

Then (91, ...; M, l1, ..., 1) is i.r. and feasible as immediately follows from the in-
equalities

Do M = D iep i+ D2 igp i = D icp Wi T Digp (& + n+p|)

=D icpMi T2 igp& T Z:—iii Diep(&—m) =221 & = [, fdu(t) <

Jro®du(t) = [; X0 xmyem (A0, 7, 7)dp(t)

= 2 Wi = i D ment (T )0, T, )

Define U oiiep

&:{iiézp

Let a = min;epp(U;) and V; C D; with pu(V;) = «a.

If (1, ...y, ly) € VF then the allocation (g,1) : I — RY x ZM with
(g(t),1(t)) = (i, 1;) if t € I; belongs to V. From proposition 1, (g,!) dominates (f, \)

on the coalition U, V;. If (01, ...; N, 11, -, 1) € VI, then there exists an allocation
(s ooy By 150 1) € VE such that

ihi + iT(Z;) < iwi
=1 i—1 i—1
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Uz(hl, l;) > UZ(T]Z, ll) Vi € N, and

Z [ is consistent
i=1
Now, define an allocation (h,l') : I — RN x ZM with (h(t),1'(t)) = (h;, 1}) for all
t € I. Consider any « € [0,1]. From proposition 1, we can find a coalition B C I
where B = U, B; and p(B;) = au(l;) such that

/hd,u—l—/ d,u</wd,u, and/ I'du is consistent.
B

Note that the assignment (h,[’) is feasible for coalition B. Therefore (h,!’") domi-
nates (f,A) on the coalition B. Hence the conclusion follows.

[]

4 Sophisticated stable sets in payoff and allocation
space

4.1 Sophisticated stable sets in &£

For a coalition P of 8 let J'(P,R% x Lists;) and J'(P,R) respectively denote the
set of all nonnegative, vector valued, integrable and real functions on P. Let A be
the set of feasible allocations of the club economy £. Given a subset J C A, let u(J)
denote the set of payoffs

u(J) = {¢ e JHI,RY)|U(t) = w(wy, N) for pa.et € I where(z,)\) € P}

Let the set of feasible payoffs be denoted by P = u(A). For a coalition P, a function
n € P and an allocation (z,\) € A, we denote by (2, \F) and & the restrictions of
(x,\) and 1 on P, respectively.

Given any coalition P, the set of P-feasible allocations is as follows

A(P) = {(x,)\) where x € J'(P,RY) and X € J'(P, ZM)|
/xdu—l—/ Z %inp(ﬁ,v)/\(n,ﬂ,y) < wdp and //\(t)d,u(t) is consistent}
P P P
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and the set of P-feasible payoffs looks as follows

P(P) = {w e JYI,Ry) | 3(x, \) € A(P) such that

W(t) = w (g, \) for pae. t e P}

Analogously, payoft core C, denotes the set of all payoffs z € P such that there does
not exist a coalition P with measure non-empty and a payoff y € P(P) such that
y(t) > z(t) for p a.e. t € P. Therefore the payoff core denotes all payoffs inside P that
remain non-dominated. Further the following can easily be shown

Co ={¥ € PlY(t) = ue(x(t), A(t)) for pae.t € and (x,\) €C}.

This implies that there exists a correspondence between core payoffs and core alloca-
tions. One might expect a similar equivalence to hold for stable sets; however such
findings do not hold true for vNM stable sets [see Greenberg et al., (section 6) [9]].

Further, agents’farsighted” behaviour acts as a limitation. This behaviour is ex-
plained as follows. Consider an allocation (f,A) that dominates an allocation (g, v)
belonging to a stable set V. Owing to the property of internal stability, agents inside
S would not wish to deviate to (f, A). This happens because agents realise that since
(f,A) does not belong to V| therefore it must be the case that it is dominated by an-
other allocation (h,7’) on a coalition S. Owing to this foresight, agents propose (f, \)
only when they prefer (h,7') over the original allocation (g, v). To overcome this lim-
itation, Harsanyi [10] proposed the notion of sophisticated stability. Interestingly, the
concept of sophisticated stability also ensures an equivalence between stable sets in
the allocation space with those in the payoff space. In what follows we introduce this
concept in the club goods framework.

Definition 4.1. Consider two allocations (x,\) and (z,v) belonging to A. (z,v) is
termed as indirectly dominating (z, A) if there exists a sequence of coalitions of non-null
size and feasible allocations

{(a:é,xs)’g:o,{sé}’g:l} such that (z° \%) = (z, ), (2%, \F) = (2,v) and for ¢ =
1,....,k and for p a.e. t € S¢ the following conditions are fulfilled:
(@5, ) € A(SE) £ (0, (0) < (a0, X)) (o (), (1) < (o (0). A4(0)
(4.1)

If an allocation (z,v) indirectly dominates another allocation (z, A) we denote it by
(z,v) == (x,\).

18



Definition 4.2. Consider a set of feasible allocations G4 C A. G4 is said to be
allocation sophisticated stable set if it is externally and internally consistent as
per the foregoing definition of indirect domination.

For the payoff space these definitions look as follows.

Definition 4.3. Consider a pair of feasible payoffs ¢) and « in P. x is said to indirectly
dominate ¢, denoted as xk = 1), if there exists a sequence of coalitions of non-null
size and feasible payoff functions {{1/15}’§:0, {55}§:1}} such that ¢° = ¢, ¥* = n and
for c=1,...,k and for p a.e. t € S¢ the following conditions hold:

YO e P(S), UTHE) < Ul(t), vTH(E) < vt () (4.2)

Definition 4.4. Consider a set of payoffs H” c P. H” is termed as payoff sophis-
ticated stable set if it is both internally and externally consistent as per the indirect
dominance defined above.

4.2 Sophisticated stable sets in £F

Let AP denote the set of feasible allocations for the finite club economy £ and PF

denote the set of feasible payoffs. Le,
PE = {u(f,\) = (ur(fr, M)y ooy (Frs M) [(frsons fs Ay s An) € AP}
For a set BY c A" let
w(BY) = {u(f, )|, A) = (fi, ooy fas Ay s An) € B}

Given a coalition P, (f1, ..., fa, M, ..y An) € AT and ¢ € P let (2, \F) and ¢F
denote the restrictions of (f1,..., fn, A1, ..., Ay) and 1 on P respectively. The set of
P-feasible allocations for a coalition P is given as follows

Af(P) = {(xl, M)icp € R™MPI x Lists |th + Z Z |%mp(ﬂ,7)l,5(77,7r,7))

tepP teP (n,my) |

= Z wy and list assignment A\ is feasible for P}.

teP

Correspondingly, the set of P-feasible payoffs looks as follows
PI(P) = {¢ € RIF | 3(fi, \)icp € AT(P) such that v; = wi(fi, \i)}
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Definition 4.5. Given any two payoffs 1 and x in P¥, k is said to indirectly dom-
inate ¢ (denoted as k >> ) if there exists a sequence of non-null coalitions and
feasible payoff vectors {{1?}%_,, {S°}%_,} such that ¢° = 1, ¥ = k and for c = 1, .... k

and V ¢ € P the conditions given below are satisfied:

T e VI(SY), Wi <y, ¢t <uf (4.3)
where 1" signifies that the feasible payoff 1 is restricted to the coalition P°.

Definition 4.6. Let GF C V¥ denote the set of payoffs. GF is said to be payoff
sophisticated stable set if

Y € PP\ GY < there exists k € G¥ such that k = .

Similar definitions hold for the allocations space.

Definition 4.7. Let (f1, ..., fu, A1, -y An) and (21, ..., 2, V1, ..., V) be two allocations in
AF (21, ..., 2p, V1, ..., V) I8 said to indirectly dominate (fi, ..., f, A1, ..., \) (Written
as (z,v) == (f,A)) if there exists a sequence of non-null coalitions and feasible allo-

cations {{(x5,)\5)’§:0,{55}§:1} such that (29 \%) = (x, ), (z*,\*) = (g,v) and for

c=1,....,k and for all i € P° the following conditions are satisfied

(f5,0) € AT (PO, w0 < wi(f509), wi(fH MY < ug(2f, A8 (4.4)

197\ 197"

Definition 4.8. Let G* C A¥ denote a set of allocations. G4 is termed as an allo-

cation sophisticated stable set if
(fry oo frs Ay s An) € AP\ G <= I (20,0 20, 11, oy ) € G st (2,0) = (f,N).

Proposition 4.9. Let the payoff core or the set of all payoffs in P that remain non-
dominated be denoted by C¥'. Then

CY = {v: S = Rj(t) = u(x(t), A\(t))Vt € T where (x,\) € C(E)}

Proof. Via contradiction, we assume the existence of ¢ € CF’ and (z,\) € A such that
¥(t) = u(x(t), A(t)) and (x, \) does not lie inside C(£). This implies that there exists
a non-empty coalition H and integrable functions (z,v) : H — R% x ZM such that

[ sty [ 30 —imptm ) m)dutt) = | cadutt
= H (n,m) =
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/H v(t)du(t) is consistent and wu,(z(t), v(t)) > wy(x(t), A(t)) Vt € H

In that case n(t) = w(2(t),v(t)) would dominate ¢ (t) on H. Hence we arrive at a
contradiction as ¢ € CF.
On the other hand suppose (z,A) € C(€) and assume that there exists a function
Y 1 I — R where 9(t) = u(z(t), \(t)) ¢ CP. This implies that 1 is dominated
by K € P. ie. we can find a non-empty coalition H and (z,v) € A(H) such that
K(t) = u(2(t),v(t)) > w(x(t), A(t)) for almost all ¢ € H. Hence (z, \) is dominated by
(z,v) on H. Therefore we arrive at a contradiction.

[

Proposition 4.10. Let the payoff core in the finite economy (the set of all payoffs in
Pr that remain non-dominated) be denoted by CE. Then

Cro = {u(£, VI, A) = (frs oo s Aty oy An) € C(ET)}

Proof. Via contradiction we assume the existence of ¢» € CL and (f, \) = (f1, ., fas AL, -

AP such that ¢ = u(f, \) where (f,\) does not lie inside C(€F"). Thus there exists a
non-null coalition H and (2, v;)sey € AY(H) such that

Zzi + Z Z %mp(ﬂﬁ)%(/ﬁﬂﬁ) = Zwi
)

ieH 1€H (k,m,y iceH

and
ui(zi,ui) > Ul<f“ )\I>Vl eH

and
list assignment v is feasible for H

However wu;(z;, v;)iey dominates ¢ on H. Hence we arrive at a contradiction in view of
the fact that v € CE.
On the other hand suppose (f,\) = (f1, .., fas AL, s An) € C(EF) and assume that
u(f,\) & CE. Thus there exists v € P¥ that would dominate u(f, \). Le. we can find
a non empty coalition H and (2, v;)seq lying inside AY(H) such that v; = u;(2;, v;) >
u;i(z;, A\i) Vi € H. Therefore (z, \) is dominated by (z;, v;)iey on H. Hence we arrive
at a contradiction.

]

,An) €

Proposition 4.11. Let the set of competitive equilibria be non-null. If (z1, ..., Zp, V1, .., Vn)

lies inside the allocations sophisticated stable set then (21, ..., Zn, V1, ooy V) 08 @7, If 1
lies inside payoffs sophisticated stable set GT then 1) is i.r.
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Proof. Let (z,v) = (21, .., Zn, V1, -, V) € A not be i.r. Then there would exist ¢ € [
such that u.(z, v.) < u((we, 0). Since u.(.,0) is continuous and strictly monotone and
we # 0, we can find h. < w, such that

Ue(Ze, Ve) < Ue(he, 0) < ue(we, 0).

Thus (z,v) is dominated by (h,0) with h; = 0 when 7 # ¢ on the coalition {c}. Assume
(x,\) = (21, ...y Tn, A1, ..., A\p) to be a competitive equilibrium, then (z, A) is i.r. There-
fore (x,A) dominates (hy,0) on N - the coalition comprising all agents. Since (z, \)
belongs to the core of the economy £F, by external stability we have (z,)\) € G4.
Therefore (z,)\) = (h,0) = (z,v) and (z,\) € G4, implying that (z,v) ¢ G*. An
analogous argument will prove that if ) € P¥ is not i.r., then ¢ ¢ G*.

]

Lemma 4.12. Consider payoffs 1 and r in PY, and let k = u(f,\) be i.r. If k == 1),
then we can find & = u(T, \) such that k >=> ¥ and 7; < K;.

Proof. As k =» 1, we can find a sequence of feasible payoff vectors and coalitions
{2}, {S°}_,} where ¢° = ¢, ¥ = k such that for ¢ = 1,..k and for all i €
S7 conditions (4.3) are satisfied. Since w; # 0, x; = u;(fi, i) > ui(w;, 0) for all i
and u;(.,A) is continuous and strictly monotone, there exists o € (0,1) such that
@ ulaf, N}, {S°}e_} fulfills conditions (4.3). Therefore we can prove the
lemma by letting & = u(af, \). O

Lemma 4.13. Let (21,..., 2n, V1, ., Un) and (f1, .o, frs Ay ooy An) belong to A, Let
v =u(z,v) and k = u(f,\) be i.r. Then rk == 1 if and only if (f,\) == (z,v).

Proof. Let k > 1. From lemma 4.12, we can find & = u(f, \) such that & =~ 1
and ®; < k;. L.e. we can find a sequence of feasible payoff vectors and coalitions
{2}, {S°}_ |} where ¢° = ¢, * = & such that for ¢ = 1, ...,k and for all i € S°
conditions (4.3) are fulfilled. Therefore, for every ¢ =1, ...,k — 1 we can find a feasible
allocation (f¢,\¢) such that (f¢,\°)%¢ € A(S°) and ¥§ = u;(ff, ).

Consider the sequence {(f¢, \°)}*%3 of allocations in AF where (f°,\°) = (z,v),
(fF,NF) = (f,A) and (f5+1, M) = (2, \). Tt is evident that {{(f°, N}A50, {S°}e_ I}
fulfills conditions (4.4). Hence (f, A) >=> (z,v). Reciprocally, let (f, \) => (z,v). Then
we can find a sequence of feasible allocations and coalitions {{(f°, \°}5_, {S°}5_ 1
where (f0,\%) = (g,v), (f*,A\¥) = (f, \) such that for ¢ = 1, ..., k conditions (4.4) hold.
The following sequence {{y°}%_, {SO}5_,} with ¢¢ = u(z¢, \¢) brings us to conclude
that K >> 1. m
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Theorem 4.14. Let G be an allocation sophisticated stable set. Consequently u(G*)
would be a payoff sophisticated stable set. Reciprocally if G¥ were a payoff sophisticated
stable set then u='GY would be an allocation sophisticated stable set.

Proof. Assume G“ to be an allocation sophisticated stable set. For the theorem to
hold we are required to show that 1 € P\ u(G*) if and only if there exists x in u(G*)
such that x => 1. Let v € P\ u(G*4) and suppose ¥ = u(f,\) where (f,\) =
(fiseos frs My ooy An) € AF. Then (f,\) ¢ G# and since G4 is sophisticated stable
set there exists (2,v) = (21, ..., Zu, V1, ..o, Un) € G? such that (z,v) == (f,A\). Then
k = u(z,v) € u(G?) indirectly dominates 1. Reciprocally let there exist 1 and &
in u(G4) such that x => 1. Then we can find (f,\) = (f1,..., fn, A, ..., Ay) and
(2,0) = (215 ooy Zny ey V1, ooy V) in G2 such that ¢ = u(f, \) and k = u(z,v). Lemmas’
4.13 and 4.11, help us conclude that (z,v) => (f, A). This stands in contradiction to
the fact that G4 is internally stable. Similar argument will help us prove the theorem
in the utility space. O

Lemma 4.15. i) Let u(z, 1) indirectly dominate u(2’',1"). Construct the associated pay-
offs in EX, (ur(f1, M), s Un(fr, Mn)) and uy (21, v1), ooy tn (20, V) where fi = fIi xdpu,
\i = fh ldu, 2, = fIi zdu, v; = fIz- U'dp. If in the economy EF, assumptions A.3, A.4
and A.5 are satisfied, then uy(f1, A1), o Un(fr, An)) == u1(21,11), ooy Un (20, V).

i1) Suppose that in the economy EX the payoff (uy(x1, M), ..., Un(Tn, A\n)) indirectly dom-
inates (1 (21, 1), ..y Un(2n, Vn)). Construct the corresponding payoffs in €, u(x’,1) and
u(2',l') where ' (t) = x;, l(t) = N\, 2/(t) = z; and U'(t) = v; for allt € I; andi =1, ..., n.
Then u(x',1) indirectly dominates u(z',1").

Proof. i) Take the following sequence of feasible payoffs and nonempty coalitions
{2, {S°1,} where v° = u(f?,1°) that satisfy conditions (4.2). Consider the
payoff (ur (f7, A]), ..., un(f, X)) where f) = [} a%du, N} = [, °dp, for any § = 1, ..., m.
Let S8 = {i|I; N S° # ¢}, for any 6 = 1,...,m. From proposition 3.8, for every § we
can find B® ¢ S% such that the allocation (f1, s frs My ooy Ay) is feasible for B°.

From the foregoing results, one can show by taking the sequence of feasible payoffs

and coalitions {{ul(ff, A un (fO N0, {B5}g;1}, that the payoff (w1 (f1, A1), .y wn(frs An))

n’’'n

indirectly dominates (ui(z1,v1), ..., Un(2n, Vn))-

n»’'n

(4.3). Consider the payoff u(z,1°) where 2°(t) = 20 and I°(t) = X\ for any § =
1,...,m and t € I;. Consider the coalition S% = U;cgs[; for any § = 1,...,m. In light of

i1) Take the sequence {{ul(ff, At (20, X)) {50} ™ b that satisfy conditions
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proposition 3.8, for every 6 = 1, ..., m we can find J° C 5% such that (f°,1°) is feasible
over J°. Now using the following sequence {{u(x";, 1o)ym o, {J°} ™, ¢+ we can easily prove

that the payoff u(2’,1) indirectly dominates u(z,v). O

Proposition 4.16. Assume that the assumptions A.3, A.4 and A.5 are satisfied.
If G* is payoffs sophisticated stable set in the continuum club economy &, then the
corresponding set

Gp = {(ur(z1, M), ooy (T, An)) | 2 = / fdu, N\ = / ldp and u(f,1) € G}
I I
is a payoffs sophisticated stable set in the finite club economy EF'. Conversely, if G% is
a payoffs sophisticated stable set in the finite club economy ET', then the associated set

= {ulf.0) | f(8) = 23, 1(t) = X V¢ € L and (us(z1, M), .., n (@0, An)) € G}

is a payoffs sophisticated stable set in the continuum club economy E.
Proof. Follows from the lemma 4.15. O

Lemma 4.17. i) Let (f,l) indirectly dominate (2',1"). Take the related allocations
in EX, (1, ooy Tpy Ay ooy An) and (21, ey 2, V1, ooy V) with T = f[i fdu, \; = fIz- ldu,
2= [, zdp, v; = [, Udp. If in the economy ET, the assumptions A.3 and A.5 are
satisfied, then(xy, ..., Tp, A1, ..., \p) indirectly dominates (21, ..., Zn, Vi, ey Vp)-

i) Let (X1, ..., Tpy A1y ooy An) indirectly dominate (21, ..., Zn, V1, ..., Vp) in the finite club
economy EY'. Consider the corresponding allocations in the continuum club economy
E, (f,1) and (Z/,U') with f(t) = x1, l(t) = N, 2'(t) = z; and I'(t) = v; for allt € I; and
i=1,...,n. Consequently (2',1") would be ‘indirectly dominated’ by (f,1).

Proof. i) Let there be a sequence of feasible allocations and nonnull coalitions {{(f?,1°)}7,, {S°}5,}
where £° = u(f°,1°) in the economy & satisfying conditions (4.1). In the corresponding
economy £ define the allocation (%, \?) with 29 = f] fodu, N = f[ 1%dpu, for any 6 =
1,...,m. Consider the coalition S% = {i|I; N S% # ¢}, for any § = 1, ...,m. From propo-
sition 3.9, for every § = 1,...,m there exists J° C S% such that (29, ..., 20, X%, ..., \2)
is feasible over J°. From the foregoing results, we can construct the following sequence
of feasible payoffs and coalitions {{ul (2§, A9), oy up (23, NO) {J5}gn1}, such that

TL’ n

(21, ey Zny V1, -y V) 1s indirectly dominated by (21, ..., Ty, A1y ooy An)-
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ii) Take a sequence {{(f%,1°)}7,,{S°},} such that conditions (4.4) are satisfied.
Consider an allocation (f?,1°) where f°(t) = 29 and [°(t) = A\ for any 0 = 1,...,m and
t € I;. Consider the coalition S° = U;cgs[; for any § = 1,...,m. In light of proposition
3.8, we can find J° where J° = U;cgsJ? and J? C I; for all i € S° such that (f9,1°)
is feasible over J°. Now using the following sequence {{(f‘s, oym.,, {J‘S}gnzl} we can

easily prove that the allocation (f,1) indirectly dominates (z,v).
[

Proposition 4.18. Assume assumptions A.3, A.4 and A.5 hold. Let G* be an allo-
cations sophisticated stable set in the continuum club economy €. Then the equivalence
set in the finite club economy EF

Gfﬂ ={(f1, s frr My ooy M) | fi = / xdu, \i = / ldp and u(f,1) € GA}

I; I;

would be an allocations sophisticated stable set in EF'. Conversely, let G2 be an alloca-
tion sophisticated stable set in the finite club economy EF', then the equivalence set in
the continuum club economy &

G4 = {u(x, ) | 2(t) = fi, () = MVt € L and (f1, ..., fa, Ay oo M) € G2}
would be an allocations sophisticated stable set in .

Proof. Follows from lemma 4.17. [

Theorem 4.19. If G* were an allocations sophisticated stable set, then u(G*) would
be a payoffs sophisticated stable. Reciprocally if G¥ were a payoff sophisticated stable
set, then w G would be an allocations sophisticated stable set.

Proof. Straightforward consequence of propositions’ 4.18 and 4.16 O]

5 Concluding Remarks

In this paper we provide an equivalence between stable sets of a continuum club econ-
omy with those that form in the corresponding finite club economy. While the equiv-
alence between stable sets across continuum and the associated finite economies has
been looked into in the context of a pure Walrasian economy [ 1] and those with pub-
lic goods [8], however these findings remain unexplored in economies with club goods.
Club economies assume significance as individuals often encounter scenarios where they
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are required to share the benefits of a good and its provision cost with other agents.
Examples include a swimming pool, a library and so on.

Further, most scholars working on club economies consider a finite number of agents.
However a finite economy fails to characterise competition as individuals usually wield
market power in such economies. Therefore we adopt Ellickson et al.’s [0] framework
to model our club economy. Along the lines of Aumann [!], their economy contains a
continuum of agents and uses a decentralised notion of price-taking equilibrium where
buying a club membership is similar to buying a private good.

Our results provide support to the endogenous cartel formation seen by Hart [11] in
pure Walrasian economies. Each agent in the finite economy can be thought of as
representing the continuum of agents of a given type in the atomless economy. Second,
we introduce the concept of ‘sophisticated stable’ sets pioneered by Harsanyi [10] to
our club economy and are able to show an equivalence between sophisticated stable
sets in the utility space with those that form in the allocation space.
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