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Abstract

The maximum entropy principle is characterized as assuming the least about the unknown parameters in a
statistical model. In its applied manifestations, it uses all the available information and makes the fewest
possible assumptions regarding the unavailable information. The application of this principle to parametric
spectrum estimation leads to an autoregressive transfer function. By appeal to a well known theorem in
stochastic processes, a rational transfer function leads to a factorizable spectrum. This result combined with
a classical theorem of analysis (due to Szego) forms the basis for two important algorithms for estimating
the autoregressive spectrum viz. the Levinson-Durbin and Burg algorithms. The latter leads to estimators
which are asymptotically MLEs (maximum likelihood estimators).
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I. Introduction

Let us begin by considering the case of a discrete random variable {X} which can take on
n distinct values x;, j = 1...n such that P{X = x]-} = pj - Assuming the events to be mutually
exclusive and exhaustive, we have the side constraints p; > 0,j =1..nand ¥7.;p; = 1.

Definition 1: The information content I,,, of the event {x,,, m = 1 ...n} in the above sample is
defined as

L, = log, (i) bits where the log is to the base 2. (1.1)

If the log is to the base e, we define

I, = (log.2)log, (i) nats.
Pm
In future we will only consider information as measured in bits.

Definition 2: The expected value of the random variable I = {I,,,}}},—, is defined as the entropy
of the sample and is given by

HX) =E() = -X7_,p;log(p)) (1.2)

The rationale for defining information and entropy in terms of logs is threefold (se Shannon
(1948)). Firstly, it closely corresponds to Boltzmann’s (1866) definition of thermodynamic
entropy of an ideal gas. Secondly, parameters of importance in statistical mechanics and signal
processing such as resolution, bandwidth, octaves etc. tend to vary linearly with the logarithm
of the number of microstates (i.e. events as understood above). The third rationale is a bit
more complicated. It states that any definition of information I; (of an event j with probability
p;) defined above should satisfy the following intuitively reasonable axioms:

(i) I; is non-negative and anti-monotonic i.e. the information [; = 0 and [; increases
when p; decreases.

(ii) I; is undefined if p; = 0 i.e. the information content of an impossible event cannot
be defined.

(iii) ;=0 if p; = 1i.e.the information content of a certain event is zero.

(iv) If two events i and j are independent, then their joint information content denoted

Iinj = I; + I; (or if p;s; denotes the probability of the joint occurrence of i and j
then pin; = p; + p;

The same conditions are phrased in terms of the corresponding concept of entropy by
Shannon (1948). Shannon (op.cit. p. 419-420) then proves that the only functions satisfying
the above reasonable conditions on information and entropy respectively are given by (l.1)
and (1.2).



There is an intimate connection between the concepts of entropy, information and
uncertainty. Consider the discrete probability distribution stated above in which the random
variable {X} takes on n distinct values xj,j = 1..m such that P{X = xj} = pj. The most
informative distribution would occur when one of the values x,,, was known to be true (viz.
P{X = x,,} = 1).In that case, the entropy would be equal to zero. The least informative
distribution would occur when there is no reason to favor any one of the propositions over

the others and each p; = (%) In that case, the entropy would be equal to its maximum
possible value viz. nlog(n). The entropy can therefore be seen as a numerical measure
which describes how uninformative a particular probability distribution is, ranging from zero

(completely informative) to nlog(n) (completely uninformative).

Definition 3: The concepts of joint entropy and conditional entropy are straightforward
generalizations of Definition 2 above. Thus if X = {X;, X, .... Xy} is a collection of N discrete
random variables with joint pdf P(X;, X, .... X) then the joint entropy of this collection is
defined as

H(Xy, Xy oo Xy) = =Yg, o Doxy P(X1, Xg oo Xy)Log [P(Xy, Xg oo X)) (1.3)
while the conditional entropy of (X1, X5 ... Xj—1, Xk 41 - Xy) given X = x; is given by

H(X1!X2 "'Xk—1!Xk+1 XN|X = xk) =
_le "'ZXNP(XIJXZ ....XN)Log [P(XIIXZ "'Xk—l'Xk-I—l "'XNIX = Xk)] (|4)

So far we have been concerned with discrete random variables. The generalization to
continuous random variables simply proceeds by replacing the discrete summations in (l.1)
to (1.4) above by integrals. We only present the definition for joint entropy, the other
concepts can then be easily written.

Definition 4: If X = {X;, X, .... Xy} is a collection of N continuous random variables with
joint pdf f(X) then the joint entropy of this collection is defined as

HFX)) = =[5 % [5 f(X)Log [f(X)]dX = —E{Log [f(X)]} (15)
We now turn to the important concept of a stochastic process which is defined as follows.

Definition 5: A stochastic process X is a collection of random variables {X;t €T} =
{X;(w),t € T,w € Q}whereT isanindexsetand (£2 5, P) is a probability space with probability
measure P. The index set T is usually taken as T = (—o0, ). A Finite Dimensional Distribution
(FDD) of this stochastic process X simply refers to the joint distribution function of any finite sub-
collection of random variables constituting X. We say that a stochastic process X has a well-
defined distribution function if the FDDs of any finite sub-collection of X say (th ---th),
t, - t, €T exist for all choices of t; ... t,, € T and n >1. The collection of all such FDDs then is
said to constitute the distribution function of X.



For a stochastic process as defined above, the relevant entropy concept is entropy rate as defined
below (see Cover and Thomas (2006), p.74-75)

Definition 6 : A stochastic process X is said to be Gaussian if all its FDDs are multivariate Gaussian
(see Priestley (1981, p.101-104), Cox and Small (1978), Nachane (2006, p. 497 ) etc.)

Definition 7 : The entropy rate of a stochastic process X (as in Definition 5) is defined as

€ = lim (%)H(th X, ) (1.6)

n—>0oo

if this limit exists. Here H(Xt1 ---th) is the joint entropy of (th ---th) as defined in (1.5).

1. Spectral Factorization

As a preliminary to the subsequent discussion, we need to invoke the basic theory of spectral
factorization.

Definition 8 : The one-sided z-transform of a discrete process®
X(t) = {X(0),X(1),X(2) ...} is defined as
X(2)=Z[X®)] =XoX(k)z 7k zeC (11.1)

A special class of z-transforms are the rational z-transforms i.e. those which can be expressed as
the ratio of two finite polynomials viz.

B(z) _ Syl bz
= — = K20 - <
X(@) =35 = St Mo < Mo (11.2)

The z-transform possesses several interesting properties (see Johnson (2012), p.101-107). Of
these, the time-shift property is of special relevance. It states that

Z[X(t — k)] = 2 *Z[X(D)] = 27X (2) (11.3)

Property (11.3) enables us to write the following ARMA (N, Nj,) model

Yo aX(t— ) = X72 bie(t — j) with ag, by =1 (11.4)
as
() az77) X(2) = (22, bz ) E(2) (1.5)

where E(t) = {€(0),e(1),€e(2) ... } is the error process.

Definition 9 :The transfer function of the ARMA model (11.5) is defined as the rational function

1 We can also define a two-sided z-transform (see Candy (1988), p.16).

3



N
_B@) _ T lobiz™*
H(z) =- © = T Ny, <N, (11.6)

It is easily seen that the transfer function of the AR model (b, =0,k = 1...N,) and of the MA
model (ay = 0,k = 1...N,) can be written respectively as

B(z) _ 1

HO) =38 = o (1.7)
B _
H(z) = % = YN bz (11.8)

Definition 10 : The power spectral density (PSD) sfXM4(z) of an ARMA process X(t) such as
(11.6) is defined as

sgM4(2) = H2)H' (2) = |H(2)|*S(2) (1.9)

where the superscript (*) denotes complex conjugate and S.(z) is the spectrum of the process
E(t). If (as is usually the case) E(t) is a white noise process with variance 62, then S.(z) = o2
and we can write (11.9) as

B(2)|?

ol 9 (11.10)

sEMMA@) = IH@)I%02 = 35

The spectrum of the ARMA model can be written in terms of the z-transform (as in (11.10)) or
more commonly in terms of the angular velocity w defined by z = e'? i.e.

Np —ike|?
Zk=0 bke

ARMA
S w) = -
X (@) 2112’;10 ape—ikw

o2 (11.11)

The spectrums of the AR and MA models are then respectively

2
o2 (11.12)

1
o Qi e—lkw

R(w) —

N 2
syt (w) = | X2 be ™| o2 (11.13)
We are now in a position to state the Spectral Factorization theorem (Sayed and Kailath (2001))

Theorem 1: Let Sy (z) denote the power spectral density (PSD) of a stochastic process X(t)
which is stationary and has a rational transfer function H(z) (see Definitions 8 and 9) .
Additionally it satisfies the following conditions : (i) Sx(z) > O0for|z| =1 or in terms of
w(angular velocity)

Sx(e') > 0 for w € (—m, ) and (i) (i) ffn In[Sx(e™)] dw > —oo (Paley-Wiener condition).

Then Sy (z) admits the following factorization

Sx(2) = L(2)BxL*(z™) (11.14)



where L(2) is a finite degree polynomial with minimum phase i.e. it has all its zeros and poles
strictly inside the unit circle and lim L(z) = 1. Further By is a real positive scalar.

Z|—>00

We can also state the result (11.14) in terms of the angular frequency w as
Sx(e'®) = L(e™®)BxL*(e™™*) (11.15)

I1]. Maximum Entropy Principle

The maximum entropy principle is usually attributed to Brillouin (1956, p.159-161) and Jaynes
(1963, 1968). The principle can be characterized in several ways , Jaynes (1968, p.229) defines
the principle as the method which “assumes the least” about the unknown parameters. Ulrych
and Bishop (1975, p.184) reformulate the principle as the method which uses all the available
information (being the expected value of the random information variable I,,, —

—see (1. 2)above) and is “maximally noncommittal with regard to the unavailable information”
(a point which becomes important when we later discuss applications of the principle to
spectral analysis)

A. Entropy of the Multivariate Gaussian Stochastic Process

Burg (1967, 1968) who is primarily credited with the development of the Maximum Entropy
Spectral Method (MESM) proceeds by first developing the MESM for the multivariate Gaussian
Stochastic process. Consider a typical FDD of this process defined over the vector

X ={X,X,....Xy}. By Definition 6, X is an N-dimensional Gaussian variate N(u, £) whose
joint pdf is given by

—w)'E-1(X—
f(X) = (2m) /25| 2exp | FE )] (11.1)
(where p = E(X) and X is the variance-covariance matrix with typical entry Z;; = Cov(X;, X;))

and the entropy is given by (1.5) as

Hy(X) = — E{Log [f(X)]}

= gLog(Zn) + %Longl + %E[(x W' NX - )] (111.2)
But
E[X-wE'X -] =E[tr(X—pw)'Z ' (X — )] (11.3)

(the guantity in brackets being a scalar)

But

E[rX -2 X —w] = E[tr{Z7 (X — ' (X — w}] (111.4)



(see e.g. Hohn (1964, p.16))

The r.h.s. of (111.4) can be written as

trZIE[(X—w)' X —p}=tr{Z7 12} =tr(Iy) =N (111.5)
From (I11.1) to (111.4) we get

HN(X) =

N
2

[Log(2m) + 1] + %LogIZI (111.6)

The entropy rate for a Gaussian stochastic process is then

€ = lim () Hy(X) = 1 [Log(2m) + 1] + lim Log|E[w (111.7)
N-ooo \N N 2 9 N—-oo 9 '

The first term on the r.h.s. is constant and will not play any role in the maximization process,
and so we drop it and take the entropy rate as

1
€= 1\1/im Log|Z|zn (111.8)

As the matrix X is both Hermitian and non-negative definite, its N eigenvalues

Ax (k=1..N) arereal and non-negative and further

12| = [TV A (111.9)
(1Z| denotes (det(X) )

From (I11.8) and (I11.9), we get

€= lim (5-) Zi_, Log (A) (111.10)

N—-oo 2N

B. Szeqo's Theorem and Maximum Entropy of a Gaussian Process

We now invoke a classical theorem due to Szego (1915) (see Gohberg and Kupnik (1969), Parter
(1986) and Widom (1989) for expositions and extensions of the theorem)

Theorem 2 (Szego): If A, (k =1..N) are real eigenvalues of a Toeplitz matrix? Ty (f)
associated with a bounded real-valued function f with entries on the unit circle then for any
Riemann integrable function G, we have

lim (57) et 6 @) = (57) J7, 61f (@)]do (In.11)

N—oo

Now let us take G = Log(.) and let the function f be defined on the entries of Z by

2 A (p X q) matrix A is said to be Toeplitz if all the entries along each diagonal are equal i.e. A;; depends only on
(i — j) (see Stoica and Moses (2015), p.362).



f@) =32 _wR(e ™ =S(w) (111.12)
where S(w) is the power spectrum of X and w is the angular frequency and
R(k) = Cov(X;, X1 ),
Combining (111.10) to (111.12), we get
1
£=(=)J" Log [S(w)]dw (111.13)

Now, we are already given R(k), |k| < N and by the Maximum Entropy Principle we do not
make any assumptions about R(k), |k| > N. Thus the entropy can be maximized only w.r.t.
R(k),|k| > N

Thus, application of the Maximum Entropy Principle leads to

azfcsk) - (ﬁ) I (ﬁ) (%) dw = (ﬁ) I (ﬁ) e “*dw =0, [k| >N (111.14)
Putting
ct) = () I7, (555) e doo = (5) [T, (55 ) €™ v, (111.15)

we see that C (k) are the Fourier Coefficients of the function (1/(S(w))) = S™*(w). Further, by
(111.14), these Fourier coefficients, are non-zero only for |k| < N . The Fourier series expansion
of S™Y(w) is thus ( by the Wiener-Khintchine theorem))

S Hw) = ¥N__yC(k)e vk (111.16)

which shows that S~ (w) is the power spectrum of a process with covariances C (k).
Additionally, as S(w) is a power spectrum with a rational transfer function, S~ (w) will also
have a rational transfer function and will additionally satisfy the premises of Theorem 1 above.
Thus S™1(w) will admit a spectral factorization

S7Hw) =M@yM*(z™Y) =yIM(2)| (11.17)
Thus
S@) =y s (111.18)

which from ((11.12)) implies that S(w) is the spectrum of an AR process with the variance of the
errorterm g2 =y~ !

It is important to remember that the result (111.18) is crucially dependent on the Gaussianity
assumption made in the previous section. However this not as restrictive as it sounds because
of the following result due to Papoulis (1991, p. 575).



Theorem 3: Suppose X is an N-dimensional zero-mean variate X = {X;, X, .... Xy} with
unknown joint pdf f(X), but we are given its Var-Cov matrix £ with typical entry

I;; = Cov(X;, X;). Additionally X is positive definite. Then the pdf which maximizes the
entropy (as defined by (1.5)) is given by f(X) = N(0, X).

From our previous theorems we get the important result that

Theorem 4 : The result (111.18) is important for it shows that if Sy (z) is the power spectral
density (PSD) of a stochastic process X(t) which is stationary and has a rational transfer
function H(z) (see Definitions 8 and 9) then a model which maximizes the Entropy of X(t) is
an AR process.

IV Estimation of the AR Coefficients : Levinson-Durbin
Algorithm

This recursive algorithm was first suggested by Levinson (1947) and later extended by Durbin
(1960). We assume a given sample {x;, X, .... Xy} in mean —deviation form.

Consider an AR(L) process (L < N)
Xe =i apxej + € (IV.1)

where {€,} is a white noise process with mean 0 and variance 6. We will use the notation Py,
to denote the value of 62 (prediction error) for an M-th order autoregression. By taking the
expectations E (x;_i€;) in (IV.1), we find that for k > 0, E (x;_,€;) = 0. Using this fact we get
the well-known Yule-Walker equations

The Yule-Walker equations of order M are (M < L)

where the p,, k = 1,2.. are the autocorrelations at lag k.
Or in matrix form

C(M)a=pM where

[ pr

~AM P

aM = laz } and pM = p2
ay Pm



[ai ] [ﬁl]
Iagﬂll [ P2 |
CM+D| e |=] o | (IV.3)
lay*t| | pw |
lat+1] Loyl
where
[ Po P1 - Pm |
| . e |
CM A1) = crecveee e e e vee e |
| Brcyebo  P1 |
P

Suppose in (IV.3) we take only the first M rows. Then the l.h.s. of (IVV.3) becomes

[a P
CYQ/IH sM+1 | Pm-1
C(M) + i (IV.4)
a pr

Hence from (IVV.3) and (1V.4) we can write

~M+1 [,51]

ay Pum
CYQ/IH Pz ~M+1 | Pm-1
C(M) =1 .... —OCM+1 . (IV.5)
e . ~
v P P1
Or
a1 |5 Pan
| gh+1 P2
l 2 J =C Y| ....|-aktic- (M) (1V.6)
i IJ ;
Uy Pu P1
But



[P1] ra [PM]  ram

c-1(M) lola] anace 1(M)| | (IV.7)
5] la] Al

Combining (IV.6) and (IV.7), we get

't [ai”] ay

@)+ ] ay'l_ smen| - (IV.8)

[ J [ J o
A~ ~M ~M
a%+1 aM @

(IV.8) is an important step in the recursion because it expresses the first M coefficients at the
(M + 1) — th iteration in terms of the known coefficients of the M — th iteration and the last
unknown coefficient of the (M + 1) — th iteration. Thus all the coefficients at the

(M + 1) — th iteration will be determined once we know @j111. To this task we now address
ourselves.

We now augment the Yule-Walker equations by the following equation obtained by taking
E(x;_y€;) for k = 0, which yields

(recall that Py, is called the prediction error and denotes the value of 62 for an M-th order
autoregression)

Adding (IV.9) to the system (1V.2) we get

>

Py — a{%l T, .., MR | (1v.10)

(IV.10) can be written in matrix form as

2 TRy /) YAl | Rl 40l 0
) (1V.11)
D D=1 wen ee eee v e po [ a%J [ 0 J

Similarly the Yule-Walker equations of order (M+1) can be written as

10



,60 ﬁl 'ﬁM+1 ]M+1 [PM+1]

Let us now confine our attention to the first row of the matrix on the l.h.s. of (1V.12)

A ~AM+1 A ~AM+1 A —
po - 0(1 pl Was mms mEs mEs mEs mEs omEs omEs omEE omEE o —aM+1pM+1 —_ PM+1

Using (1V.8) we write (IV.13) as

A ~M+1 A _
Po — Ayi1Pm+1 — Puy1 =

[a™ a1
~AM+1 M

(1 Pz - Pl |a2 | =[p1 P2 Pul |a2 |_&I|A//III%[,61 Pz -
lgu+1] L]

=(Po — Pu) — Ani1 (P14 + Po@ii—1 .- +Pu@1")

Simplifying (IV.14) we get

_ AM+1r1 A A AM A aAM A aAM
Pyy1 = Py — @uiilPu+1 — P18y — P2@i—1 - —Pu @1’ ]
Putting

. ra A AM A aAM A AM
Ay= [Pm+1 — P1@y — P28p—1 - —Pu @]

And we can write (IV.15) as

_ ~AM+1
Pyi1 = Py — Ayi1ldu

— AM+1[ A A AM _ A AM
Pyy1 = Py — Quii[Pm+1 — P18y — P2@y—q - —

Consider similarly the last row of (IV.12)

to get
~ _ A AM+1 | s sSM+1 ~ SM+1
Pu+1 = Puldy  ~ t Py-1ly T — et P11
Rearranging l.h.s. of (IV.18) gives
~ — A (AM_sM+15MY _ A AM _ AM+1 M A SM
Pu+1 = Pu( @ —Ayii@y) — Pu-1 (@2 —@yi1Ay—1) - - —p(ay —
or

_ra A AM A AM A aAM AM+1T A A AM

0 = [Pm+1 — P18y — P2@y—1 - —PmG1' ] — yiilPo — P11 oo e

_ ~AM+1
0=Ay—ayi1Pu

11

(IvV.12)
(IV.13)
an
ay’
(IvV.14)
(IVv.15)
(1Vv.16)
(Iv.17)
Pmafl]
(1Vv.18)
aniidy") — Polmit

e — Py @M

(IV.19)



(on using (IV.9) and (1V.16)

From (IV.19) we get

att = (34) (IV.20)

Py

Note that the algorithm assumes that the autocorrelations p, p;..etc. are all known i.e.
calculated from the data {x{, x; .... xy} before hand. Hence Ay, is fully known as it depends
on the known autocorrelations and the known autoregression coefficients of the M — th
iteration. Further, by (1V.9), P, is completely known from the M — th iteration.

(IV.8) and (IV.20) together complete our recursion because as said earlier (IV.8) expresses the
first M coefficients at the (M + 1) — th iteration in terms of the known coefficients of the M —
th iteration and the last unknown coefficient of the (M + 1) — th iteration. But (IV.20)
determines this (M+1)-th coefficient @111 in terms of A, and P, which are both known
coefficients at the M — th iteration itself. Thus all the coefficients at the (M + 1) — th
iteration are fully determined and the recursion is complete. To start the recursion we use the
Yule-Walker equations (IV.2) for M=1 to get

al =21 (IV.21)
Po
We can also develop a recursion for the prediction errors Py;. We start this recursion with

N 2
Py = Var (o2) = (22222)

Further, we use the first equation of the system (I1V.10) to obtain

Py = po — @1ps (IV.22)
From (IV.20) we know that

Ay= @yi1Py (IV.23)
Finally combining (1V.23) and (1V.17) we get the following recursion for

Py =[1- (&11\\44111 ?1Py (1V.24)

We have now fully described how all the estimates that we need for our model can be
determined recursively.

This completes the details of the Levinson-Durbin algorithm. Further discussions of this
algorithm may be found in Ulrych and Bishop (1975), Smylie et al (1973), Shen e al (2011) etc.

V. Estimation of the AR Coefficients : Burg Algorithm

12



The Burg algorithm is also a recursive algorithm and coincides with the Levinson-Durbin
algorithm right upto Step (IV.8) but then instead of using (IV.20) to determine @}/ {1 it uses a
maximization approach as follows.

As in the Levinson-Durbin algorithm, we assume a given sample {x;, x, ....xy} and consider an
AR(L) process (L < N)

Xe =Yg Aixe_j + € (V.1)

Considering the stage M of the algorithm we introduce two types of prediction errors a
feedback prediction error Pb(,I:I) and a feedforward prediction error }}(gﬂ at time t are defined as

follows
M M

Pb(,t) == [xt+M - 2%1 aj( )xt—j ] (V.2)
M M

[}(,t ) = [xt - 94=1 0(]-( )xt+j ] (V.3)

The total feedback and feedforward prediction errors at stage M are defined as
M — M

M = pM R

and

M) _ -M p(M)
[} —thv=1Ml},t

The coefficient @311 at the (M+1)-th stage is determined by maximizing the average of the two

squared errors [IM*D defined as

2 2

(M+1) _ 1 N-M-1 (M+1) (M+1)
i - (Z(N—M—l)) Y= {(Pb,t ) + ([}t ) (V.4)
But

M+1 ~(M+1 ~(M+1 ~(M+1 ~(M+1
Pb(,t ) = Xt+M+1 — a§ )xt+M - a§ )xt+M—1 - “15/1 )xt+1 - “1E4+1 )xt
~(M ~(M ~(M ~(M ~(M ~(M

= Xt+M+1 — [“i ) - k“z& ) Xt+M — [a§ ) - ka§4—)1]xt+M—1 - [“1(\4 ) - k“§ )]xt+1 — kx,
(where to simplify the notation we have put k = &gﬁn)
Thus

M+1 ~(M ~(M ~(M ~(M
Pb(,t ) = Xt+M+1 a§ )xt+M - Oé )xt+M—1 ----%E/I )xt+1 - k[—aL )xt+M -
~(M ~(M
CZIE,I_)le_M_l see e _a:E )xt+1 + xt] (V5)
Put
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M+1 ~(M ~(M ~(M
Ag ) = Xt+M+1 — ai )xt+M - “g )xt+M—1 ----_“1(\/1 )xt+1 (V.6)

M+1 ~(M ~(M ~(M
Bt( ) = _al(w )xt+M - al(w_)lxt+M_1 . _ai )Xt+1 + xt (V?)
Then
Pb(’1:1+1) _ A§M+1) _ kBt(M+1) (V.8)
Similarly,
M+1 ~(M+1 ~(M+1 ~(M+1
F}(t = Xt — ai ¥ )xt+1 - aé ¥ )xt+2 - a[E/[ ¥ )xt+M — kxtiymia
~(M ~(M ~(M ~(M ~(M ~(M
= X; — [a§ ) ka,(v, )]xtﬂ - [aé ) - kal(v,_)l]xﬁz — . [a,(\,, ) - ka§ )]xHM — kX ipme1
~(M ~(M ~(M ~(M ~(M
=Xt — a§ )xt+1 - a§ )xt+2 - a},, )xt+M - k[xt+M+1 - “i )xt+M - a1(\4_)1xc+2 -
~(M
@y X1 (v.9)
Hence
M+1) _ p(M+1) (M+1)
Py =B, — kA; (V.10)

A+ gng MY

Note that the expressions are independent of k

We now minimize expression (V.10) w.r.t. k

M- M+1) (M+1)
onIM+1) _ ( 1 )ZN M-1 Z(P(M+1)) an,f N 2<P(M+1)) an’t
ok 2(N—-M—1)) Lai—y bt ok Fe ok

=((N—_1\;—1)) St {—(Pb(y"'l))Bt(M*'l) _ ([}(,It\4+1))A§M+1)}

= ((N—Itl—l)) thvz—lM—l{(AEM+1) _ kBt(M+1))Bt(M+1) n (Bt(M+1) _ kA§M+1))AEM+1)}

1 M 2 2
=((N_M_1)) yN-M 1{[A§M+1)Bt(1v1+1) _ k(Bt(M+1)> ] + [AEM+1)Bt(M+1) _ k(AEMH)) ]} (V.11)

i 61'I(M+1) .
Putting PP 0 yields the value of k as
N-M-1 ,(M+1) ,(M+1)
k= ()| (V.12)
(N-M-1) Zztvz_lm_l{(A§M+1)) +(Bt(M+1)) }

Since we are at the (M + 1) — th recursion all the quantities upto the M — th iteration are
known. Hence AEMH) and Bt(MH) are fully known and thus the quantity k = &g,,nﬁl) is also
fully now fully known and ( exactly as in the Levinson-Durbin algorithm above), by (IV.8) all

the coefficients at the (M + 1) — th iteration will be determined once we know &311.
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One key advantage of the Burg method over the Levinson-Durbin method is the following. The
Burg estimation of @}/11 does not involve p,,, 1, unlike the Levinson-Durbin method where
Pu+1 figures in the estimation of @111 via (IV.16) and (IV.20). The autocorrelations can be
estimated recursively (if needed) via (IV.18) once @1ff1 has been estimated. The initial value

for the recursion can be taken as
~ 1
po = (3) EN, 7 (V.12)

This completes the discussion of the Burg algorithm. Further details may be found in Burg
(1972, 1975), Andersen (1974), Herring (1977), Candy (1988, p.350-353) etc.

V1. Statistical Properties of Burg Algorithm

An interesting result noted by Ulrych and Bishop (1975, Appendix 2) is that the Burg recursive
algorithm is equivalent to an appropriate maximum likelihood method. This of course means
that the Burg estimates are asymptotically unbiased if certain regularity conditions (see Wald
(1949), Haldane & Smith (1956) etc.) are satisfied.

Similarly they are consistent under a set of minor restrictions and are asymptotically normal.
Their prediction error variance viz. Var(Pb(M)) = (%) V where V is the true variance of the
process and v (the degrees of freedom) is related to the number of data points N and the order of
the autoregression M by v = (%) This is comparable to the non-parametric window estimates

where the degrees of freedom are given by v = 2bN where N is the number of data points and b
is the spectral window bandwidth (see Ulrych and Bishop (1975, p.192)).

VII.Estimation of the Autoregression Order

The crucial step in the estimation of the AR spectrum is the determination of the correct order
of the model. An inaccuracy here would affect the final spectrum considerably. For example the
variance of the Burg estimates increases very significantly when the order of the autoregression
is overestimated. Fortunately, this problem has been virtually thrashed bare in the three
decades 1970-2000, and a number of model order estimates have been suggested. A brief list
would minimally include the following —Akaike’s FPE (Final Prediction Error), Akaike’s AIC
(Information Criterion), Parzen’s CAT1-3 (Criterion Autoregressive Transfer Function), Hannan-
Quinn, Mallows’C, (Conditional Prediction Criterion), Schwarz’s BIC (Bayesian Information
Criterion ) etc. Reviews and comparisons of the various properties of these criteria have been
done in Amemiya (1980), Lutkepohl (1991), Nachane (1991) etc. As this literature is very
familiar now, we do not include a discussion here. However, it is important to note that all
these criteria are based on evaluation of the model parameters by any consistent method such
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as the maximum likelihood (which coincides with least squares on the assumption of
Gaussianity of disturbances) prior to the order determination. They can also lead to
misspecification errors via over-fitting or under-fitting.

An approach which is quite different from the above approaches and relatively unfamiliar to
applied economists is that based on entropy considerations and thus fits well with the general
tenor of this paper. The approach has been proposed by Chan et al (1974) and by Ishii et al
(1978) and further discussed by Jategaonkar et al (1982).

We assume a given sample {x;, x, .... xy} from a stochastic process {X;, tel } with E(X,) = 0. If
we desire to fit an appropriate AR model for this sample using the Burg estimates (which we
know to be consistent). Just as in the case of the FPE, AIC and other criteria we decide

a priort on a maximum order for the model say L << N. We next define

[1 D wee een e e e e e e e -ﬁM—1]
2 Y P

Op =1 oo . (VIL.1)
lﬁM_l ﬁM_Z Es mEE EES EES EEE wEE EEE mmE wmmE .1J

where the py, k = 1,2..is the autocorrelation at lag k exactly as above.

We now choose the order of the model as M (M < L) for which the following quantity is
minimized

N—-M

Vir = |l0g (3555) + 10910411 = loglOy]] (VIL2)

Note : It is shown by Ishii et al (1978) that the Akaike FPE can be written as

N N+M
V' = |log (357) + 10g1@u1a] — logl@y|] (VIL3)
so that the entropy based criteria are not totally distinct from the earlier criteria.

Note that the entropy based lag selection method requires computation of the determinant of
the matrix ©,, for successive values of M. There are now various methods available for fast
computation of determinants of square matrices. The three most prominent methods are

(i) The LU decomposition in which the given matrix A is decomposed as he product of 2
matrices —an upper triangular matrix U and a lower triangular matrix L.

(ii) The QR decomposition in which the given matrix A is decomposed as the product of
an orthonormal matrix Q and an upper triangular matrix R

(iii) The Cholesky decomposition applies only to Hermitian positive definite matrices. If
the matrix H is Hermitian positive definite then H can be written as the product of a
lower triangular matrix L and its conjugate transpose L*T.
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These decompositions simplify the determinant computations considerably and the
algorithms based on them are discussed in Bareiss (1966), Bunch and Hopcroft (1974),
Golub and Van Loan (1996), Camarero (2018), Strang (2019) etc.

Note : This paper confines itself to the theoretical aspects of the Maximum Entropy Spectral
Methods. Empirical applications are planned to follow a little later.
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